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ABSTRACT 
The m a t e r i a l  d e r i v a t i v e  concept o f  continuum mechanics and an a d j o i n t  
v a r i a b l e  method o f  des ign  s e n s i t i v i t y  a n a l y s i s  a r e  used t o  r e l a t e  
v a r i a t i o n s  i n  s t r u c t u r a l  shape t o  measures o f  s t r u c t u r a l  performance. A 
domain method o f  shape des ign s e n s i t i v i t y  a n a l y s i s  i s  used t o  bes t  u t i l i z e  
t h e  b a s i c  c h a r a c t e r  o f  t h e  f i n i t e  element method t h a t  g ives  accura te  
i n f o r m a t i o n  n o t  on t h e  boundary but i n  t h e  domain. 
shape des ign s e n s i t i v i t y  a n a l y s i s  us ing f i n i t e  element computer codes i s  
discussed. Recent numer ica l  r e s u l t s  a r e  used t o  demonstrate accuracy t h a t  
can be ob ta ined u s i n g  t h e  method. R e s u l t  of des ign  s e n s i t i v i t y  a n a l y s i s  
i s  used t o  c a r r y  ou t  des ign o p t i m i z a t i o n  o f  a b u i l t - u p  s t r u c t u r e .  
Implementat ion o f  
1. INTRODUCTION 
A s u b s t a n t i a l  l i t e r a t u r e  has been developed i n  t h e  f i e l d  o f  shape 
des ign s e n s i t i v i t y  a n a l y s i s  and o p t i m i z a t i o n  o f  s t r u c t u r a l  components 
C1-31 over t h e  pas t  few years.  
us ing  two fundamenta l ly  d i f f e r e n t  approaches t o  s t r u c t u r a l  model ing and 
a n a l y s i s .  The f i r s t  approach uses a d i s c r e t i z e d  s t r u c t u r a l  model , based 
on f i n i t e  element a n a l y s i s ,  and proceeds t o  c a r r y  o u t  shape des ign  
sensi  t i v i  t y  a n a l y s i  s by c o n t r o l  1 i ng f i n i t e  e l  ement node movement and 
d i f f e r e n t i a t i n g  t h e  a l g e b r a i c  f i n i t e  element equat ions [4-61. The second 
approach t o  shape des ign  s e n s i t i v i t y  a n a l y s i s  uses an e l a s t i c i t y  model of  
Cont r ibu t ions  t o  t h i s  f i e l d  have been made 
L 
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t h e  s t r u c t u r e  and t h e  m a t e r i a l  d e r i v a t i v e  method o f  continuum mechanics t o  
account f o r  changes i n  shape o f  t h e  s t r u c t u r e  C7-131. 
approach, express ions f o r  design s e n s i t i v i t y  i n  terms o f  domain shape 
change a r e  d e r i v e d  i n  t h e  cont inuous s e t t i n g  and evaluated u s i n g  any 
a v a i l a b l e  method o f  s t r u c t u r a l  analys is ;  e.g., f i n i t e  element a n a l y s i s ,  
boundary element a n a l y s i s ,  photoe l  a s t i c i t y ,  e tc .  
Shape des ign s e n s i t i v i t y  analys is  f o r  severa l  s t r u c t u r a l  components 
has been t r e a t e d  i n  Refs. 2, 9, and 10 where s e n s i t i v i t y  i n f o r m a t i o n  i s  
e x p l i c i t l y  expressed as i n t e g r a l s ,  us ing  i n t e g r a t i o n  by p a r t s  and boundary 
and/or i n t e r f a c e  c o n d i t i o n s  t o  ob ta in  i d e n t i t i e s  f o r  t r a n s f o r m a t i o n  o f  
domain i n t e g r a l s  t o  boundary i n t e g r a l s .  Numerical c a l c u l a t i o n  o f  des ign 
s e n s i t i v i t y  i n f o r m a t i o n  i n  terms o f  t h e  r e s u l t i n g  boundary i n t e g r a l s  thus  
r e q u i r e s  s t resses ,  s t r a i n s ,  and/or normal d e r i v a t i v e s  o f  s t a t e  and a d j o i n t  
v a r i a b l e s  on t h e  boundary. 
used f o r  a n a l y s i s  o f  b u i l t - u p  s t r u c t u r e s ,  t h e  accuracy o f  numerical  
r e s u l t s  f o r  s t a t e  and a d j o i n t  v a r i a b l e s  on i n t e r f a c e  boundar ies may n o t  be 
good C141. 
s e n s i t i v i t y  a n a l y s i s  i s  developed i n  Ref. 15, i n  which des ign s e n s i t i v i t y  
i n f o r m a t i o n  i s  expressed as domain i n t e g r a l s ,  i n s t e a d  o f  boundary 
i n t e g r a l s  (boundary method). The domain and t h e  boundary methods a r e  
a n a l y t i c a l l y  equ iva len t .  
method such as f i n i t e  element analys is ,  t h e  r e s u l t i n g  des ign s e n s i t i v i t y  
approx imat ions may g i v e  q u i t e  d i f f e r e n t  numerical  values. Moreover, t h e  
domain method o f f e r s  a remarkable s i m p l i f i c a t i o n  i n  d e r i v a t i o n  o f  shape 
des ign s e n s i t i v i t y  formulas f o r  b u i l t - u p  s t r u c t u r e s  s i n c e  i n t e r f a c e  
c o n d i t i o n s  a r e  n o t  r e q u i r e d  t o  ob ta in  shape des ign  s e n s i t i v i t y  formulas.  
I n  t h e  domain method, numerical  e v a l u a t i o n  o f  t h e  s e n s i t i v i t y  i n f o r m a t i o n  
i s  more compl ica ted  and i n e f f i c i e n t  t h a n  t h e  r e s u l t  o f  t h e  boundary 
method, s i n c e  t h e  domain method requ i res  i n t e g r a t i o n  over  t h e  e n t i r e  
domain, whereas t h e  boundary method r e q u i r e s  i n t e y r a t i o n  over  o n l y  t h e  
v a r i a b l e  boundary. To a l l e v i a t e  t h i s  problem, a boundary l a y e r  of  f i n i t e  
elements t h a t  vary  d u r i n g  t h e  p e r t u r b a t i o n  o f  t h e  shape o f  a s t r u c t u r a l  
component i s  i n t r o d u c e d  i n  Ref. 16. 
I n  shape des ign problems, nodal p o i n t s  o f  t h e  f i n i t e  element model 
move as shape changes. 
account f o r  shape change has been developed u s i n g  a v e l o c i t y  f i e l d  i n  t h e  
Using t h i s  
However, when t h e  f i n i t e  element method i s  
To overcome t h i s  d i f f i c u l t y ,  a domain method o f  shape des ign 
However, when one uses an approximate numer ica l  
I n  Ref. 17 ,  a method o f  automat ic  r e y r i d d i n g  t o  
domal n t h a t  obeys t h e  govern1 ng deformat ion equat ions o f  t h e  e l  a s t  i c 
s o l  id.  
( s i z i n g )  des ign s e n s i t i v i t y  ana lys is  t h e o r y  o f  Ref. 2, a des ign component 
method i s  developed i n  Ref. 18 f o r  u n i f i e d  and systemat ic  O r g a n i z a t i o n  o f  
des ign s e n s i t i v i t y  a n a l y s i s  o f  b u i l t - u p  s t r u c t u r e s ,  w i t h  bo th  convent iona l  
and shape des ign var iab les .  That i s ,  convent iona l  and shape des ign  
s e n s i t i v i t y  formulas f o r  each standard component t y p e  can be der ived .  The 
r e s u l t  i s  s tandard formulas t h a t  can be used f o r  des ign s e n s i t i v i t y  
a n a l y s i s  of  b u i l t - u p  s t r u c t u r e s ,  by s imply  adding c o n t r i b u t i o n s  f rom each 
component. The method g ives  a systemat ic o r g a n i z a t i o n  o f  computat ions f o r  
des ign s e n s i t i v i t y  a n a l y s i s  t h a t  i s  s i m i l a r  t o  t h e  way i n  which 
computat ions a r e  organized w i t h i n  a f i n i t e  element code. 
r e s u l t s  o f  t h e  des ign component method, us ing  t h e  v e r s a t i l i t y  and 
convenience o f  e x i s t i n g  f i n i t e  element codes. It i s  shown i n  Ref. 19 t h a t  
c a l c u l a t i o n s  can be c a r r i e d  ou t  ou ts ide  e x i s t i n g  f i n i t e  element codes, 
u s i n g  pos tprocess ing  d a t a  only.  
s o f t w a r e  does n o t  have t o  be imbedded i n  an e x i s t i n g  f i n i t e  element code. 
The purpose o f  t h i s  paper is t o  combine these developments t o  p r e s e n t  
Using t h e  domain method o f  Ref. 15 and r e s u l t s  o f  convent iona l  
A numerical  method has been developed i n  Ref. 19 t o  implement t h e  
Thus, des ign s e n s i t i v i t y  a n a l y s i s  
a u n i f i e d  method o f  shape des ign s e n s i t i v i t y  a n a l y s i s  and numerical  
implementat ion o f  t h e  method with e x i s t i n g  f i n i t e  element codes. 
though o n l y  s t a t i c  response i s  considered here, t h e  method i s  a l s o  
a p p l i c a b l e  f o r  e igenvalue des ign s e n s i t i v i t y  a n a l y s i s  as shown i n  Ref. 2. 
The des ign  s e n s i t i v i t y  a n a l y s i s  method presented here suppor ts  
o p t i m a l  i t y  c r i t e r i a  method f o r  s t r u c t u r a l  o p t i m i z a t i o n  and serves as t h e  
f o u n d a t i o n  f o r  i t e r a t i v e  methods o f  s t r u c t u r a l  o p t i m i z a t i o n  u s i n g  
n o n l i n e a r  programming. A t  a more p r a c t i c a l  l e v e l ,  t h e  des ign s e n s i t i v i t y  
a n a l y s i s  method can be used t o  develop an i n t e r a c t i v e  computer-aided 
des ign  system [Z]. A l a r g e  s c a l e  b u i l t - u p  s t r u c t u r e  i s  op t im ized t o  
demonstrate c a p a b i l i t y  o f  t h e  method. 
Even 
2. VARIATIONAL FORM OF GOVERNING EQUATIONS 
Whi le  a s u b s t a n t i a l  l i b r a r y  o f  s t r u c t u r a l  components must be 
considered t o  implement t h e  des ign s e n s i t i v i t y  a n a l y s i s  f o r  broad c l a s s e s  
o f  a p p l i c a t i o n s ,  t h e  component l i b r a r y  t o  be considered i n  t h i s  paper i s  
l i m i t e d  t o  t r u s s ,  beam, p l a t e ,  p lane e l a s t i c  s o l i d ,  and t h r e e  d imensional  
s o l i d  components. Even though t h i s  i s  a somewhat r e s t r i c t e d  c l a s s  o f  
components, i t  i s  general  enough t h a t  s i g n i f i c a n t  a p p l i c a t i o n s  can be made 
and p r a c t i c a l i t y  o f  t h e  method can be demonstrated. 
bo th  bending and t o r s i o n  o f  t h e  beam, a r e  i n c o r p o r a t e d  i n t o  a s i n g l e  
component. S i m i l a r l y ,  p l a t e  and plane e l a s t i c  s o l i d  components a r e  
combined as a s i n g l e  component. To be more s p e c i f i c ,  t h e  f o l l o w i n g  
f o r m a t i o n  of beam/truss, t h r e e  dimensional e l a s t i c  s o l i d ,  and p l a t e / p l a n e  
e l a s t i c  s o l i d  components a r e  employed: 
I n  t h e  a c t u a l  f o r m u l a t i o n ,  t h e  t r u s s  and beam components, i n c l u d i n g  
A. BEAM/TRUSS 
Consider t h e  beam/truss component o f  Fig. 2.1. The energy b i l i n e a r  
form ( i n t e r n a l  v i r t u a l  work) [2]  o f  the  component i s  
R a 11-1 2 2 - 2  a (z,y) = 1 E 1  wxxwxxdx + 1 E1 wxxwxxdx + 1 GJexTxdx 
0 0 0 u ,Q 
W ’ o d  
L 
+ 1 hEvxvxdx 
0 
c2.11 
F i g u r e  2.1 Beam/Truss Component 
where w’, w2, e, and v a r e  two orthogonal  l a t e r a l  d isplacements,  ang le  o f  
t w i s t ,  and a x i a l  d isplacement,  r e s p e c t i v e l y ,  and z = [w , w , e, v ]  . 
Throughout t h i s  paper, an overbar ;  e.g., z, denotes a v i r t u a l  d i s p l a c e -  
ment. S u b s c r i p t  x i n  Eq. 2.1 denotes d e r i v a t i v e  w i t h  respec t  t o  x. I n  
Eq. 2.1, E, G, 11, 12, J, and h a r e  Young’s modulus, shear modulus, two 
moments o f  i n e r t i a ,  t o r s i o n a l  moment o f  i n e r t i a ,  and c r o s s - s e c t i o n a l  area 
o f  t h e  component, r e s p e c t i v e l y .  The convent ional  des ign v a r i a b l e  i s  u = 
h ( x )  and t h e  shape des ign v a r i a b l e  i s  t h e  l e n g t h  o f  t h e  domain Q = [O,R]. 
The l o a d  l i n e a r  form ( e x t e r n a l  v i r t u a l  work) [Z] o f  t h e  component i s  
1 2  T 
- 
R R 1-1 a 2-2 
11 (7) = I q w dx + / q w dx + I rzdx  + I f y d x  
0 0 0 0 U ,Q 
c2.21 
2 where q', q , r, and f a r e  two orthogonal  l a t e r a l  loads, t w i s t i n g  moment, 
and a x i a l  load, r e s p e c t i v e l y ,  as shown i n  Fig. 2.2 [2]. I f  t h e r e  a r e  
1 2  p o i n t  loads, a D i r a c  d e l t a  measure can be used f o r  q , q , r, and f i n  
Eq. 2.2 C2J. 
F i g u r e  2.2 External  Loads For  Beam/Truss 
The v a r i a t i o n a l  equat ion  o f  t h e  beam/truss component i s  [21 
where Z i s  t h e  space of k i n e m a t i c a l l y  admiss ib le  displacement.  
i s ,  Z C [H2(0,n)] 
boundary c o n d i t i o n s  where Hi(O,R) i s  t h e  Sobolev space o f  o r d e r  i [2]. 
p o s s i b l e  boundary c o n d i t i o n s ,  t h e  beam/truss component can be s imp ly  
supported, clamped, c a n t i l e v e r e d ,  or clamped-simply supported. 
shown i n  Ref. 2 t h a t  t h e  v a r i a t i o n a l  Eq. 2.3 i s  a p p l i c a b l e  f o r  a l l  
boundary c o n d i t i o n s  mentioned. 
That 
2 1 x [H  (O,a)l2 and elements o f  Z s a t i s f y  k i n e m a t i c  
AS 
It i s  
B. THREE DIMENSIONAL ELASTIC SOLID 
Consider  t h e  t h r e e  dimensional  e l a s t i c  s o l i d  o f  Fig.  2.3. For p l a n e  
e l a s t i c  s o l i d ,  
reduced . 
The s t r a i n  
i j  1 
E ( z )  = 7 
r e s u l t s  o f  t h e  t h r e e  dimensional  e l a s t i c  s o l i d  may be 
tensor  i s  d e f i n e d  as 
(zj + zi), i,j = 1 ,2 ,3 ,  x E  s l  i j  c2.41 
LX2 
J 
* I  
F i g u r e  2.3 Three Dimensional E l a s t i c  S o l i d  
1 2 3 T  where z = [z , z , z 1 
denotes d e r i v a t i v e s  w i t h  respect  t o  v a r i  ab1 e x i .  
re1  a t  i on (genera l  i zed Hooke's Law) i s  
i s  displacement f i e l d  and s u b s c r i p t  1 ,  i = 1 , 2 , 3 ,  
The s t r e s s - s t r a i  n 
3 i j  - Cijk!t,ka 
k , a = l  
( z ) ,  i , j , k , t  = 1 , 2 , 3 ,  X E  Q C2.51 Q (4 - 
where C i s  t h e  e l a s t i c  modulus tensor ,  s a t i s f y i n g  symmetry r e l a t i o n s  
C i j k g  = $ ikn  and 
form [2] o f  t h e  t h r e e  dimensional  e l a s t i c  s o l i d  i s  
' jka = C i J r k ,  i , j , k , a  = 1,2,3. The energy b i l i n e a r  
3 
a (z,T) = [ 1 aiJ(z)c iJ( l ) ]dQ 
u ,Q i , j = 1  
C2.61 
Even though shape des ign v a r i a b l e ,  which i s  t h e  shape o f  t h e  domain Q, i s  
t h e  o n l y  des ign v a r i a b l e  i n  t h i s  case, s u b s c r i p t  u i s  l e f t  f o r  genera l  
t reatment .  
s o l i d  i s  
The l o a d  l i n e a r  form [ 2 ]  o f  t h e  t h r e e  dimensional  e l a s t i c  
I I 
3 3 
i = 1  r i = l  
a (r) = /I/, [ 1 fiYi]dQ + I/, [ 1 TiYi]dr 
U ,Q 
2 where Yo, Y', and r a r e  clamped, t r a c t i o n  f ree ,  and loaded boundar ies,  
r e s p e c t i v e l y ,  f = [ f  , f , f3IT i s  the body fo rce ,  and T = [T1, T2, T 3 I T  
i s  t h e  t r a c t i o n  force.  
The v a r i a t i o n a l  equat ion  o f  t h e  t h r e e  dimensional  e l a s t i c  s o l i d  i s  [21  
1 2  
where Z i s  t h e  space o f  k i n e m a t i c a l l y  admiss ib le  displacements;  i .e., 
For  p lane e l a s t i c i t y  problems i n  which e i t h e r  a l l  components o f  s t r e s s  
i n  t h e  x 3 - d i r e c t i o n  a r e  zero  o r  a l l  components of s t r a i n  i n  t h e  x3- 
d i r e c t i o n  a r e  zero, Eq. 2.8 remains v a l i d ,  w i t h  l i m i t s  o f  summation 
runn ing  from 1 t o  2 and an appropr ia te  m o d i f i c a t i o n  of t h e  g e n e r a l i z e d  
Hooke's Law o f  Eq. 2.5. 
C. PLATE/PLANE LEASTIC SOLID 
Consider  t h e  p l a t e / p l a n e  elast,,: s o l i d  component o f  Fig. 2.4. 
energy b i l i n e a r  form [2] o f  t h e  component i s  
The 
c2.101 
where z = [w, vl, v 2 I T  i s  t h e  displacement f i e l d .  I n  Eq. 2.10, i ( t )  = 
E t  / [12(1-v  ) ] ,  v, and t are  f l e x u r a l  r i g i d i t y ,  Poisson's r a t i o ,  and 
t h i c k n e s s  o f  t h e  component, r e s p e c t i v e l y .  ( v )  a r e  
s t r e s s  and s t r a i n  due t o  an in-p lane displacement f i e l d  v = [ v  , v2IT ,  
r e s p e c t i v e l y .  
t ( x )  and t h e  shape des ign v a r i a b l e  is t h e  shape of t h e  domain R. 
l i n e a r  form [2]  of t h e  component i s  
3 2 
i j  
1 
For  t h i s  component, t h e  convent ional  des ign v a r i a b l e  i s  u = 
The l o a d  
Also,  oiJ(v) and E 
F i g u r e  2.4 Plate/Plane E l a s t i c  S o l i d  Component 
c2.111 
where q, f = [f', f2IT and T = [T1, T 2 I T  a r e  l a t e r a l  load, body fo rce ,  and 
t r a c t i o n  force,  r e s p e c t i v e l y ,  as shown i n  Fig. 2.5. 
component, i f  t h e r e  a r e  p o i n t  loads, a D i r a c  d e l t a  measure c21 can be 
used. 
As i n  t h e  beam/truss 
/ D 
2 X 
F i g u r e  2.5 E x t e r n a l  Loads For  P la te /P lane E l a s t i c  S o l i d  
The v a r i a t i o n a l  equat ion  of  t h e  p l a t e / p l a n e  e l a s t i c  s o l i d  component i s  
c21 
a (2,:)  = R (I), f o r  a l l  Y E  z 
u ,Q u ,Q 
c2.121 
where Z c H2(n) x [H1(Q)I2 and elements o f  Z s a t i s f y  k inemat ic  boundary 
c o n d i t i o n s .  For  p lane l e a s t i c  s o l i d ,  k inemat ic  boundary c o n d i t i o n  i s  
c2.131 i v ( x )  = 0, i = 1,2, x E ro 
For p l a t e ,  t h e  boundary can be clamped, s imply  supported, o r  f r e e  edge. 
Whi le t h e  c a l c u l a t i o n  may n o t  be as s imp le  as i n  t h e  case o f  beam, t h e  
v a r i a t i o n a l  Eq. 2.12 i s  v a l i d  f o r  a l l  boundary c o n d i t i o n s  cons idered [2]. 
Note t h a t  Eqs. 2.3, 2.8, and 2.12, t h e  v a r i a t i o n a l  equat ions f o r  
d i f f e r e n t  s t r u c t u r a l  components are a l l  i n  t h e  same form. 
3. MATERIAL D E R I V A T I V E  FOR SHAPE DESIGN SENSITIVITY ANALYSIS 
The f i r s t  s t e p  i n  shape des ign s e n s i t i v i t y  a n a l y s i s  i s  development o f  
r e l a t i o n s h i p s  between a v a r i a t i o n  i n  shape o f  a s t r u c t u r a l  component and 
t h e  r e s u l t i n g  v a r i a t i o n s  i n  f u n c t i o n a l s  t h a t  may a r i s e  i n  t h e  shape des ign 
problems. Since t h e  shape o f  domain a s t r u c t u r a l  component occupies i s  
t r e a t e d  as t h e  des ign v a r i a b l e ,  i t  i s  convenient  t o  t h i n k  o f  n as a 
cont inuous medium and u t i l i z e  t h e  m a t e r i a l  d e r i v a t i v e  i d e a  o f  cont inuum 
mechanics. I n  t h i s  sec t ion ,  t h e  d e f i n i t i o n  o f  m a t e r i a l  d e r i v a t i v e  i s  
i n t r o d u c e d  and severa l  m a t e r i  a1 d e r i  v a t  i ve formul  as t h a t  w i  11 be used i n  
l a t e r  s e c t i o n s  a r e  der ived .  
schemat ica l l y  i n  Fig. 3.1. 
t r a n s f o r m a t i o n  T, as shown i n  Fig. 3.1. The 
mapping T : x + x T ( x )  , x E 0, i s  given by 
Consider a domain n i n  one, two ,  o r  t h r e e  dimensions, shown 
Suppose t h a t  o n l y  one parameter T d e f i n e s  t h e  
xT = T(x,T) 
QT T ( ~ , T )  
c3.11 
F i g u r e  3.1 One Parameter Family o f  Mappings 
The process o f  deforming Q t o  QT by t h e  mapping o f  Eq. 3.1 may be 
viewed as a dynamic process of deforming a continuum, w i t h  T p l a y i n g  t h e  
r o l e  o f  t ime. 
p o i n t s  X E  Q, beg inn ing  a t  T = 0, can now be fo l lowed.  
moves t o  x T  = T(x,T). 
d e f i n e d  as 
A t  t h e  i n i t i a l  t ime  T = 0, t h e  domain i s  Q. T r a j e c t o r i e s  o f  
The i n i t i a l  p o i n t  
Th ink ing  o f  T as t ime, a des ign v e l o c i t y  can be 
d X ~  - ~ T ( x , T )  
a T  
V(XT'T) = dT - C3.21 
I n  a neighborhood o f  'I = 0, under reasonable r e g u l a r i t y  hypotheses 
C21$ 
aT 2 T(x ,T)  = T(x,O) + T Z  ( ~ $ 0 )  i- O(T ) 
= x + TV(X,O) + O(T 2 
I g n o r i n g  h ighe r  o rder  terms , 
where V(x) E V(x,O). 
w i l l  be considered, t h e  geometry of which i s  shown i n  F ig .  3.2. 
V a r i a t i o n s  o f  t h e  domain Q by t h e  design v e l o c i t y  f i e l d  V(x)  a re  denoted 
as QT = T(Q,T) and t h e  boundary o f  QT i s  denoted as rT. 
paper, t h e  term "design v e l o c i t y "  w i l l  be r e f e r r e d  t o  s imp ly  as 
' l ve loc i t y " .  
L e t  Q be a C - regu la r  open set;  i.e., i t s  boundary r i s  c losed  and 
bounded and can be l o c a l l y  represented by a Ck-funct ion.  
i n  Eq. 3.2 be a vec to r  de f i ned  on a neighborhood U o f  t h e  c l o s u r e  
I n  t h i s  paper, on l y  t h e  t r a n s f o r m a t i o n  T of Eq. 3.2 
Hencefor th  i n  t h e  
k 
L e t  V(x)  E Rn 
o f  Q 
n 
F i g u r e  3.2 V a r i a t i o n  o f  Domain 
and V(x)  and i t s  d e r i v a t i v e s  up t o  o rder  k > 1 be cont inuous. 
hypotheses, i t  has been shown [20] t h a t  f o r  smal l  T, T(x,T) i s  a 
homeomorphism ( a  one-to-one, cont inuous map w i t h  a cont inuous i n v e r s e )  
f rom U t o  UT E T(U,T) and t h a t  T(x,T) and i t s  i n v e r s e  mapping T - ~ ( X ~ , T )  
have Ck-regul a r i  t y  and QT has Ck-regul a r i  ty. 
Then t h e  mapping z T ( x T )  z,(x + TV(X) )  i s  d e f i n e d  on Q and z T ( x T )  depends 
on T i n  two ways. F i r s t ,  i t  i s  t h e  s o l u t i o n  o f  t h e  boundary-value problem 
on QT. Second, i t  i s  evaluated a t  a p o i n t  x T  t h a t  moves w i t h  T. The 
p o i n t w i s e  m a t e r i a l  d e r i v a t i v e  (which i s  shown t o  e x i s t  i n  Ref. 2)  a t  
x E Q i s  d e f i n e d  as 
Wi th  t h e s e  
Suppose zT(xT)  i s  a smooth s o l u t i o n  o f  t h e  e l a s i t i c i t y  equat ions.  
I f  zT has a r e g u l a r  ex tens ion  t o  a neighborhood UT o f  ET, then  
;(x) = z ' ( x )  + vz T V(x) 
where 
C3.51 
i s  t h e  p a r t i a l  d e r i v a t i v e  o f  z. 
One a t t r a c t i v e  f e a t u r e  of t h e  p a r t i a l  d e r i v a t i v e  i s  t h a t ,  w i t h  
reasonable smoothness assumptions, i t  commutes w i t h  t h e  d e r i v a t i v e s  w i t h  
r e s p e c t  t o  x i  C23; i.e., 
a '  ( z  ) , i = 1,2,3 C3.71 
A p a i r  o f  t e c h n i c a l  m a t e r i a l  d e r i v a t i v e  formulas t h a t  a re  used 
th roughout  t h e  remainder o f  t h e  paper a r e  summarized i n  t h i s  sec t ion .  
T h e i r  proofs  a r e  presented i n  Ref. 2. 
Lemma 3.1: L e t  $1 be a domain f u n c t i o n a l ,  d e f i n e d  as an i n t e g r a l  over  
nT * 
C3.81 
where f T  
then t h e  
9 i  = 
i s  a r e g u l a r  f u n c t i o n  de f ined on QT. 
m a t e r i a l  d e r i v a t i v e  o f  a t  n i s  
I f  n has C k - r e g u l a r i t y ,  
o r ,  e q u i v a l e n t l y ,  
C3.91 
C3.101 
It i s  i n t e r e s t i n g  and impor tant  t o  no te  t h a t  o n l y  t h e  normal component 
(VTn) o f  t h e  boundary v e l o c i t y  appear ing i n  Eq. 3.9 i s  needed t o  account  
f o r  t h e  e f f e c t  o f  domain v a r i a t i o n .  I n  f a c t ,  i t  i s  shown by Theorem 3.5.2 
of  Ref. 2 t h a t  i f  a general  domain f u n c t i o n a l  $ has a g r a d i e n t  a t  Q and 
if R has Ck+' - regular i ty ,  then o n l y  t h e  normal component (V n)  o f  t h e  
v e l o c i t y  f i e l d  on t h e  boundary i s  needed f o r  d e r i v a t i v e  c a l c u l a t i o n s .  
g i v e n  i n  Eq. 3.10 r e q u i r e s  t h a t  the v e l o c i t y  f i e l d  V(x )  be de f ined 
th roughout  t h e  domain n. 
(VTn) on I'. 
t h a t  s a t i s f y  t h i s  c o n d i t i o n ,  f o r  each o f  which t h e  r e s u l t  o f  Eqs. 3.9 and 
3.10 must be t h e  same. 
T 
I n  c o n t r a s t  t o  Eq. 3.9, use o f  t h e  mathemat ica l l y  e q u i v a l e n t  r e s u l t  
Of  course, i t  must be c o n s i s t e n t  w i t h  
Nevertheless,  t h e r e  are an i n f i n i t e  number o f  v e l o c i t y  f i e l d s  
Next, cons ider  a f u n c t i o n a l  def ined as an i n t e g r a t i o n  over  rT, 
c3.111 
Lemma 3.2: Suppose g, i n  Eq. 3.11 i s  a r e g u l a r  f u n c t i o n  de f ined 
on rT. I f  Q i s  C k + l  r e g u l a r ,  t h e  m a t e r i a l  d e r i v a t i v e  o f  i s  
C3.121 
2 where H i s  t h e  curva tue  o f  r i n  R and t w i c e  t h e  mean c u r v a t u r e  i n  R3. 
4. ADJOINT VARIABLE FORMULATION OF SHAPE DESIGN SENSITIVITY ANALYSIS 
As seen i n  Sec t ion  3, t h e  s t a t i c  response o f  a s t r u c t u r e  depends on 
t h e  shape o f  t h e  domain. 
proved i n  Ref. 2, and m a t e r i a l  d e r i v a t i v e  formulas presented i n  S e c t i o n  3 
a re  used i n  t h i s  s e c t i o n  t o  d e r i v e  an a d j o i n t  v a r i a b l e  method f o r  d e s i g n  
s e n s i t i v i t y  a n a l y s i s  o f  severa l  f u n c t i o n a l s .  S ince t h e  f i n i t e  element 
method i s  used f o r  numerical  a n a l y s i s  o f  t h e  s t r u c t u r a l  systems i n  t h i s  
Ex is tence o f  t h e  m a t e r i a l  d e r i v a t i v e  :, which i s  
paper, o n l y  t h e  domain method o f  
presented i n  t h i s  sect ion.  
The v a r i a t i o n a l  equat ions o f  
2.3, 2.8, and 2.12 on a deformed 
shape des ign  s e n s i t i v i t y  a n a l y s i s  i s  
several  s t r u c t u r a l  components o f  Eqs. 
domain, i s  o f  t h e  form 
- 
a (ZT, I/* C(ZT, ZT L 
u ,QT T 
( Z T ) ,  f o r  a l l  Z T €  zT T- T- = I/, f zTdQT + / 2T z T d r T  = 2 
UT 
r T  
T 
C4.11 
where ZT i s  t h e  space o f  k i n e m a t i c a l l y  a d m i s s i b l e  displacements on QT and 
c ( * , * )  i s  a b i l i n e a r  mapping t h a t  i s  d e f i n e d  by t h e  i n t e g r a n d  of Eqs. 2.1, 
2.6, and 2.10. 
3.10 and 3.11 and n o t i n g  t h a t  t h e  p a r t i a l  d e r i v a t i v e s  w i t h  r e s p e c t  
t o  T and x commute, 
Tak ing t h e  m a t e r i a l  d e r i v a t i v e  o f  bo th  s ides  o f  Eq. 4.1, u s i n g  Eqs. 
I 
[au,,(z,?)] 5 a:,v(z,I) + a (i,?) = 2' ( ' z ) ,  f o r  a l l  ? E  Z C4.21 u ,a u ,v 
where, u s i n g  Eq. 3.5, 
I I 
(z,';)] = //Q[c(z,? ) + c(z ' ,z )  + vc(z,z) - T  V + c(z,'i)div V ]  dQ 
= //,[c(z,z' - VITV) + c ( i  - vz T v,:) + vc(z,z) - T  v 
[%,Q . 
+ c(z,Y)d iv  V ]  dQ 
and 
R' ( z )  = //, [fT?I+ V ( f  T- z)  T V t fTzdiv  V]dn 
U ,V 
[TTZ'+ (V(T T- z )  T n t HTTI) (VTn) ]dr  
+ I 2  r 
= /I, IfT(:  - vITV) + V ( f  T- z )  T V + f T E d i v  V]dn 
+ / [TT(f - VZTV)  + (V(T T- z )  T n + HTTz)(VTn)]dr r 
c4.31 
c4.41 
The f a c t  t h a t  t h e  p a r t i a l  d e r i v a t i v e s  o f  t h e  c o e f f i c i e n t s ,  which depend on 
c r o s s - s e c t i o n a l  area and th ickness,  i n  t h e  b i l i n e a r  mapping c ( * , * )  a r e  
zero  has been used i n  Eq. 4.3 and f '  = T' = 0 has been used i n  Eq. 4.4. 
For  boundary v a r i a t i o n s ,  i t  i s  supposed t h a t  t h e  boundary r = r U r U I' 
2 i s  var ied ,  except t h a t  t h e  curve  ar  t h a t  bounds t h e  loaded s u r f a c e  r2 i s  
2 f i x e d  f o r  t h r e e  dimensional  e l a s t i c  s o l i d ,  so t h e  v e l o c i t y  f i e l d  V a t  ar 
i s  zero. For  t h e  case i n  which ar i s  no t  f i x e d ,  v a r i a t i o n  o f  t h e  
0 1 2  
2 
t r a c t i o n  term i n  Eq. 4.1 (g iven  as an i n t e g r a l  over  r') g i v e s  an 
a d d i t i o n a l  term t h a t  was no t  discussed i n  lemmas. For  t h i s  case, t h e  
i n t e r e s t e d  reader  i s  r e f e r r e d  t o  Ref. 21. For p l a n e  e l a s t i c  s o l i d  
component case, these a d d i t i o n a l  terms w i l l  be g iven i n  Sec t ion  5. 
l i n e  xT = x + TV(X).  
(homeomorphism p r o p e r t y  noted i n  Sect ion 3 )  , i f  z i s  an arb1 t r a r y  element 
o f  H"(n) t h a t  s a t i s f i e s  k inemat ic  boundary c o n d i t i o n s  on r ,  zT i s  an 
a r b i t r a r y  element o f  Hm(fiT) t h a t  s a t i s f i e s  k inemat ic  boundary c o n d i t i o n s  
on rT. I n  t h i s  case, us ing  Eq. 3.5, 
For  ;T, s e l e c t  z T ( x  + T V ( X ) )  = z ( x ) ;  i.e., choose f as c o n s t a n t  on t h e  
Then, s ince  Hm(Q) i s  preserved by T(x,T) 
- 
. I -T z = z '  + v z v = o  c4.51 
From Eqs. 4.2, 4.3, and 4.4, using Eq. 4.5, 
+ V C ( Z , ? ) ~ V  t c ( z , f ) d i v  V]dn 
and 
a' ( f )  = /In [fT(VfTV) t fT:div V]dn 
U S V  
t / [ - T T ( V z T V )  t ( V ( T  T- z )  T n + HTT?)(VTn)]dr r 
C4.61 
c4.71 
Then,  Eq. 4.2 can be rewritten t o  p rov ide  the result 
I 
a (;,:I = a ( z )  - a '  ( z , ~ ) ,  f o r  a l l  E E Z C4.81 
Cons ide r  a d i sp lacemen t  f u n c t i o n a l  t h a t  d e f i n e s  the d i sp lacemen t  a t  
u ,Q U S V  u ,v 
A 
nodal p o i n t  x E n 
n A A  
q1 = Z ( X )  = I! 6(x-x)z(x)dQ 
n 
A 
where 6 ( x )  i s  the Dirac d e l t a  measure a t  the o r i g i n .  
v a r i a t i o n  of Eq. 4.9, u s i n g  the  m a t e r i a l  d e r i v a t i v e ,  
c4.91 
Taking the f i r s t  
c4.101 
The o b j e c t i v e  now is  t o  o b t a i n  an e x p l i c i t  e x p r e s s i o n  for  J I ~  i n  terms 
o f  the v e l o c i t y  f i e l d  V ,  w h i c h  r e q u i r e s  e l i m i n a t i n g  i. An a d j o i n t  
e q u a t i o n  i s  in t roduced  by r e p l a c i n g  E Z i n  Eq. 4.10 by a v i r t u a l  
d i s p l a c e m e n t  1 E 2 and e q u a t i n g  terms i n v o l v i n g  1 t o  the energy b i l i n e a r  
form, y i e l d i n g  the a d j o i n t  equa t ion  f o r  the a d j o i n t  v a r i a b l e  A, 
A A  
a (X,x) = I/, s(x-x)X(x)dn,  f o r  a l l  X E Z C4.111 
u ,Q 
( 1 )  Denote the s o l u t i o n  of  Eq. 4.11 as X 
x' = i, since 2 E 2 [2], t o  o b t a i n  the e x p r e s s i o n  
. 
To t a k e  advantage o f  the a d j o i n t  e q u a t i o n ,  e v a l u a t e  Eq. 4.11 a t  
C4.121 
S i m i l a r l y ,  eva lua te  t h e  i d e n t i t y  o f  Eq. 5.8 a t  z = ~(l), s i n c e  b o t h  a r e  i n  
Z, t o  o b t a i n  
c4.131 
R e c a l l i n g  t h a t  t h e  energy b i l i n e a r  form a 
arguments, t h e  l e f t  s ides  o f  Eqs. 4.12 and 4.13 a r e  equal ,  so 
(e,.) i s  symmetric i n  i t s  
u,Q 
Using Eqs. 4.14, Eq. 4.10 y i e l d s  
c4.141 
c4.151 
E x p l i c i t  expressions o f  t h e  terms i n  Eq. 4.15, f o r  each s t r u c t u r a l  
component can be ob ta ined u s i n g  Eqs. 4.6 and 4.7. 
express ions w i l l  be d e r i v e d  i n  Sect ion 5. 
chosen t o  show b a s i c  i d e a  o f  t h e  a d j o i n t  v a r i a b l e  method w i t h o u t  
compl i c a t e  d e r i v a t i o n  o f  expressions. 
Note t h a t  e v a l u a t i o n  o f  t h e  design s e n s i t i v i t y  fo rmula  o f  Eq. 4.15 
r e q u i r e s  s o l u t i o n  o f  Eq. 4.1 f o r  z. S i m i l a r l y ,  Eq. 4.11 must be so lved 
f o r  t h e  a d j o i n t  v a r i a b l e  A(1). This i s  an e f f i c i e n t  c a l c u l a t i o n ,  u s i n g  
f i n i t e  element a n a l y s i s  
been solved, r e q u i r i n g  o n l y  e v a l u a t i o n  o f  t h e  s o l u t i o n  o f  t h e  same s e t  o f  
f i n i t e  element equat ions w i t h  d i f f e r e n t  r i g h t  s ide,  c a l l e d  an a d j o i n t  
load. 
These e x p l i c i t  
Th is  o r d e r  o f  p r e s e n t a t i o n  was 
i f  t h e  boundary-Val ue p r o b l  em f o r  z has a1 ready 
Next, cons ider  a l o c a l l y  averaged s t r e s s  f u n c t i o n a l  over  a t e s t  
volume 0 o f  t h e  t h r e e  dimensional  e l a s t i c  s o l i d ,  
P 
C4.161 
where u denotes t h e  s t r e s s  tensor ,  Q i s  an open set ,  and rn i s  a 
c h a r a c t e r i s t i c  f u n c t i o n  t h a t  i s  constant on Q zero o u t s i d e  o f  il and 
P P 
P' P' 
whose integral i s  1. 
with respect t o  i t s  arguments. 
Here, g i s  assumed t o  be continuously differentiable 
Note t h a t  g ( u ( z ) )  might  involve principal 
ure 
C l O l ,  
s t resses ,  von Mises failure criterion, or some other materia 
cr i ter ia .  T a k i n g  the f i r s t  variation of Eq.  4.16, u s i n g  Eq.  
fai 
3.10 
= [Ijf, ( 9 '  + vg T V + g d i v  V)dnj j l ,  d a  
P P 
JI; 










As i n  the displacement functional case, an adjoint equation i s  
introduced by replacing 5 E Z  in t h e  term on the right of Eq. 4.20 by a 
virtual displacement 1 E Z and equate the result t o  the energy bilinear 
form, 
Denote t h e  s o l u t i o n  o f  Eq. 4.21 as X By t h e  same method used f o r  t h e  
displacement f u n c t i o n a l ,  t h e  s e n s i t i v i t y  formula i s  ob ta ined as 
+ //I g d i v  VmpdQ - 111 gmpdQ /// m d i v  Vdn 
n n n P  
C4.221 
where e x p l i c i t  express ions o f  t h e  f i r s t  two terms i n  Eq. 4.22 f o r  t h e  
t h r e e  dimensional  e l a s t i c  s o l i d  can be ob ta ined u s i n g  Eq. 2.6, 2.7, 4.6, 
and 4.7. These e x p l i c i t  expressions w i l l  be d e r i v e d  i n  Sec t ion  5. Note 
t h a t  these terms have t h e  same form as those o f  Eq. 4.15 f o r  t h e  t h r e e  
dimensional  e l a s t i c  s o l i d .  The d i f f e r e n c e  i s  t h a t  terms i n  Eq. 4.15 a r e  
evaluated a t  That i s ,  
once t h e  express ions f o r  terms i n  Eq. 4.15 a r e  der ived ,  they  can be used 
f o r  d i f f e r e n t  f u n c t i o n a l s .  
and terms i n  Eq. 4.22 are eva lua ted  a t  A"). 
F i n a l l y  cons ider  a l o c a l l y  averaged s t r e s s  f u n c t i o n a l  over  a t e s t  
area Q i n  a p l a t e / p l a n e  e l a s t i c  s o l i d  component, 
P 
where g 1 (t,wij) and g 2 ( u ( v ) )  a re  p r i n c i p a l  s t r e s s ,  von Mises y i e l d  s t ress ,  
o r  some o t h e r  s t r e s s  measures due t o  l a t e r a l  d isp lacement  w and i n - p l a n e  
displacement f i e l d  v, r e s p e c t i v e l y .  Here, gl(t,wij) i s  measured a t  t h e  
extreme f i b e r  and m i s  a c h a r a c t e r i s t i c  f u n c t i o n  on t h a t  i s  cons tan t  P 
on zero o u t s i d e  n and whose i n t e g r a l  i s  1. Taking t h e  f i r s t  
v a r i a t i o n  o f  Eq. 4.23, u s i n g  Eq. 3.10, 
P '  P '  
2 
1 g'.. aiJ(;)]m dn + / / div(glV) m dn + / /  [ Q i , j = 1  alJ  P R P 
kT 2 2 
a i , j = l  k,a=l  o 
- / /  1 [ 1 g2ij(v)CiJka(vv Va) ]  mpdn 
C4.241 1 2  + / /  g2d iv  V m da - // ( g  +g ) mpdn // m d i v  V dn 
n P n n P  
Def ine an a d j o i n t  equat ion  by r e p l a c i n g  and i n  Eq. 4.24 by v i r t u a l  
and 7, r e s p e c t i v e l y ,  and equate terms i n v o l v i n g  and f i n  d isp lacements 
Eq. 4.24 t o  t h e  energy b i l i n e a r  form, 
C4.251 
1 2 T  where X = [n,E ,E ] i s  an a d j o i n t  var iab le .  Denote t h e  s o l u t i o n  o f  Eq. 
4.25 as By t h e  same method used f o r  t h e  displacement f u n c t i o n a l ,  
t h e  s e n s i t i v i t y  fo rmula  i s  ob ta ined as 
1 2  + // g2div  V m da - // ( g  +g )mpda // m d i v  V d a  
a P s2 n P  
C4.261 
where e x p l i c i t  express ions o f  t h e  f i r s t  two terms i n  Eq. 4.26 f o r  t h e  
p l a t e / p l a n e  e l a s t i c  s o l i d  component can be ob ta ined u s i n g  Eqs. 2.10, 2.11, 
4.6 and 4.7. These e x p l i c i t  expressions w i l l  be d e r i v e d  i n  S e c t i o n  5. As 
i n  t h e  displacement f u n c t i o n a l  case, e v a l u a t i o n  o f  t h e  des ign  s e n s i t i v i t y  
fo rmula  o f  Eq. 4.26 r e q u i r e s  s o l u t i o n s  z and 
Design s e n s i t i v i t y  i n f o r m a t i o n  f o r  l o c a l l y  averaged s t r e s s  f u n c t i o n a l  over  
a t e s t  l e n g t h  
procedure. 
o f  Eqs. 4.1 and 4.25. 
i n  a beam/truss component can be d e r i v e d  u s i n g  t h e  same 
P 
5. SHAPE DESIGN SENSITIVITY ANALYSIS OF STRUCTURAL COMPONENTS 
I n  t h i s  sec t ion ,  e x p l i c i t  expressions f o r  terms i n  Eqs. 4.6 and 4.7 
a r e  d e r i v e d  f o r  each s t r u c t u r a l  components by i d e n t i f y i n g  b i l i n e a r  
mapping c ( - , * )  and l o a d i n g  terms. The r e s u l t  i s  s tandard express ions t h a t  
can be used f o r  des ign s e n s i t i v i t y  a n a l y s i s  o f  d i f f e r e n t  f u n c t i o n a l s .  
These r e s u l t s  can a l s o  be used f o r  design s e n s i t i v i t y  a n a l y s i s  o f  b u i l t - u p  
s t r u c t u r e s  which w i l l  be shown i n  Sect ion 9. 
A. BEAM/TRUSS 
Using energy b i l i n e a r  and load l i n e a r  forms o f  Eqs. 2.1 and 2.2 f o r  
beam/truss component, Eqs. 4.6 and 4.7 become 
2 -2 R + E I x w x x w x x V }  1 1 -1 dx + {-E12[3wxx~xxVx 
0 
2 2 - 2  2 -2  2-2 V ] t E I w  w (wxxwx wxwxx xx x xx xx 
11 








e e .- 
t I [rxT" t r?%,) dx + I (fxyV + f 7 V x )  dx 
0 0 
B. THREE DIMENSIONAL ELASTIC SOLID 
C5.11 
C5.21 
Using energy b i l i n e a r  and load l i n e a r  forms o f  Eqs. 2.6 and 2.7 f o r  
t h r e e  dimensional  e l a s t i c  s o l i d ,  Eqs. 4.6 and 4.7 become 
and 
3 
a ’  (z , f )  = - I//, 5: [ U ’ J ( Z ) B ~ ~ ( V ~ ~ V )  + uiJ(Y)ciJ(VzTV)]dQ 
u ,v 1 ,J=l 
3 3 
+ ///,v[. T ~ ~ j ( z ) ~ ~ J ( y ) ] ~ V d n  + ///n[. 5: u i J ( z ) c i J ( 3 ] d i v  Vdn 
1 ,J=1 1 ,J=1 
c5.31 
3 T 3 i-j 
R ’  ( f )  = 111, 1 ?(Vf i  V)dn t ///*[ 1 f z ] d i v  Vdn 
i = l  i = l  
{ -  1 Ti(VZi V) + ( V [  1 T t ] n + H[ 1 T z ] ) ( V T n ) } d r  
u ,v 
3 T i-i T 3 i-i 
+ // 
r i=l i = l  i = 1  
c5.41 
It can be v e r i f i e d  t h a t  
3 .T .T 2 U’j(Z)E’J(VTTV) = 1 u ’ j ( z ) ( v T ?  v + v 2  V . )  i ,j=1 i ,j=1 J J 
and 
C5.51 
V[  1 u i j  ( ~ ) . ‘ j ( r ) ] ~ V  = 3 5: [ui j(z)(Vy: .T V )  + uiJ(y) (Vz.  iT V ) ]
i ,j=1 i , ~ = 1  J C5.61 
1 2  3 T  where V = [V. ,V . ,V . ]  . Using t h e  above r e s u l t s ,  Eqs. 5.3 becomes 
3 .T T 
j J J J  
a’  (2,:) = - ///, , 5: [ J J ( z ) ( v ?  v . )  + u i j ( ~ ) ( v z i  V.)]dQ 
u,v 1 ,J=1 J J 
i j  - 3 
i ,j=1 
+ JIIn[ 1 ui j (z )c  ( z ) ]  d i v  Vdn c5.71 
C. PLATE/PLANE ELASTIC SOLID 
As i n  t h e  beam/truss and t h r e e  dimensional  e l a s t i c  s o l i d  components, 
e x p l i c i t  express ions f o r  terms i n  Eqs. 4.6 and 4.7 can be o b t a i n e d  u s i n g  
energy b i l i n e a r  and l o a d  l i n e a r  forms o f  Eqs. 2.10 and 2.11 f o r  
p l  a t e / p l  ane e l  a s t i c  s o l  i d  component. For  p l  ane e l  a s t i c  s o l  i d  component, 
Eqs. 5.7 and 5.4 remain v a l i d ,  w i t h  l i m i t s  o f  summation runn ing  from 1 t o  
2 and an a p p r o p r i a t e  m o d i f i c a t i o n  o f  t h e  genera l i zed  Hooke’s Law of Eq. 
2.5. Equat ions 4.6 and 4.7 become, f o r  p l a t e / p l a n e  e l a s t i c  s o l i d  
component, 
and 
- - (wllwll + 22w22 ) + 2 ( 1 - ~ ) w ~ ~ ~ ~ ~ ] d i v  V 
+ 2(wl lw12 + w12w11 + w  . 22 w 12 + w12w22 )(v; + v:, 
+ w t? + V(W1Gl1 + w11t?l)Iv22 1 
+ [w1w22 22 1 
+ 2 ( 1 - ~ ) w ~ P ~ ~ ] V t ~ V  dn 
2 .T T 
+ {-t 1 [ u i j ( v ) ( V T ’  V j )  + U’j(V)(VVi V j )  
n i , j=1 
2 
i , j=1 
- uiJ(v) c iJf i )d ivV] + 1 uiJ(v)Eij(,)VtTV}dn 
11’ (7) = p(VqTV)  + qw d i v  V]dn 
n u ¶ V  
2 T 
+ 1 Fi(Vfi V )  + flyi d i v  V]dn 
sl i = l  
2 .T T 
1 r i = l  
+ {-Ti (G’ V )  + [ V ( T i $ )  n + HT’? ] (VTn)}dT 
n + L 1 [ ~ ~ ; i ~ ~ l ~ ~  - T ~ T v ~ ~ ~ ~ I  
i = l  
C5.81 
C5.91 
2 I n  Eq. 5.9, H i s  t h e  c u r v a t u r e  o f  t h e  loaded boundary r and t h e  l a s t  two 
terms on t h e  r i g h t  account f o r  corner  e f f e c t s  due t o  movement o f  p o i n t s  P1 
and p2 i n  Fig. 2.5 c211. 
t h a t  t h e  terms a r e  eva lua ted  a t  p o i n t  p i  and V T  i s  t h e  component o f  
v e l o c i t y  V tangent  t o  r ,  which i s  p o s i t i v e  i f  i t  i s  i n  a counter -c lockwise  
d i r e c t i o n  i n  Fig. 2.5. 
R e s u l t s  g iven i n  Eqs. 5.1, 5.2, 5.4, and 5.7 - 5.9 can be used i n  Eqs. 
4.15, 4.22, and 4.26 f o r  each s t r u c t u r a l  component and each f u n c t i o n a l .  
Th is  a l lows one t o  develop a modular computer program t h a t  w i l l  c a r r y  o u t  
numerical  i n t e g r a t i o n s  o f  terms i n  Eqs. 5.1, 5.2, 5.4, and 5.7 - 5.9 u s i n g  
t h e  same shape f u n c t i o n s  t h a t  a r e  employed i n  f i n i t e  element a n a l y s i s  
codes. The r e s u l t  w i l l  then  be a general a l g o r i t h m  and numer ica l  method 
f o r  des ign s e n s i t i v i t y  a n a l y s i s  t h a t  can be implemented w i t h  e x i s t i n g  
f i n i t e  element codes which w i l l  be discussed i n  Sec t ion  6. 
I n  these two terms, t h e  n o t a t i o n  pi i n d i c a t e s  I 
6. IMPLEMENTATION OF DESIGN SENSIT IV ITY  ANALYSIS WITH 
EXIST ING FINITE ELEMENT CODES 
To o b t a i n  des ign s e n s i t i v i t y  in fo rmat ion ,  Eqs. 4.1 and 4.11 must be 
so lved f o r  displacement f u n c t i o n a l s  and Eqs. 4.1, 4.21 and 4.25 must be 
so lved f o r  s t r e s s  f u n c t i o n a l s .  Once t h e  o r i g i n a l  and a d j o i n t  s t r u c t u r e s  
are  solved, one can i n t e g r a t e  Eqs. 4.15, 4.22, and 4.26 n u m e r i c a l l y  t o  
o b t a i n  t h e  des i red  s e n s i t i v i t y  in fo rmat ion .  
be viewed as an a p p l i c a t i o n  o f  t h e  G a l e r k i n  method t o  Eqs. 4.1, 4.11, 
4.21, and 4.25 f o r  an approximate s o l u t i o n  o f  t h e  boundary-value 
problem. Note t h a t  t h e  energy b i l i n e a r  forms f o r  Eqs. 4.1, 4.11, 4.21, 
and 4.25 a r e  same. Hence, t h e  a d j o i n t  s t r u c t u r e s  o f  Eqs. 4.11, 4.21, and 
4.25 a r e  t h e  same as t h a t  o f  Eq. 4.1, w i t h  d i f f e r e n t  a d j o i n t  loads.  
a d j o i n t  load  of Eq. 4.11, i s  a s imple u n i t  l o a d  a t  t h e  p o i n t  x i n  t h e  
p o s i t i v e  d i r e c t i o n  o f  z (x ) .  
f u n c t i o n a l  on t h e  r i g h t  s i d e  o f  Eqs. 4.21 and 4.25, one should use t h e  
same shape f u n c t i o n s  t h a t  a r e  used i n  t h e  f i n i t e  element code. 
i s  a c h a r a c t e r i s t i c  f u n c t i o n  def ined on f i n i t e  element Q numer ica l  
i n t e g r a t i o n  o f  t h e  l o a d  f u n c t i o n a l  i s  done on Q o n l y  and t h e  a d j o i n t  
e q u i v a l e n t  nodal f o r c e  a c t s  o n l y  on t h e  nodal p o i n t s  o f  Q 
can proceed as i n  t h e  f low c h a r t  o f  Fig.  6.1. 
i s  d e f i n e d  by i d e n t i f y i n g  t h e  f i n i t e  element model, o r i g i n a l  s t r u c t u r a l  
load,  des ign v a r i a b l e s ,  and c o n s t r a i n t  f u n c t i o n a l s .  I n  t h e  n e x t  step, an 




To c a l c u l a t e  t h e  a d j o i n t  l o a d  u s i n g  t h e  l o a d  




F o r  numerical implementat ion w i t h  e x i s t i n g  f i n i t e  element codes, one 
I n  t h e  beginning,  t h e  model 
> 
Original Structura l  Load 
1 I 1 
Analysis done by Exist ing 
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for  e a c h  Constra int  
Adjoint Response 
< . Associated with e a c h  
Constraint 
e x i s t i n g  f i n i t e  element code i s  c a l l e d  t o  o b t a i n  s t r u c t u r a l  response. 
With t h e  s t r u c t u r a l  response obtained, one c a l c u l a t e s  an a d j o i n t  load, 
e x t e r n a l  t o  t h e  f i n i t e  element code, us ing  t h e  shape f u n c t i o n s  o f  t h e  
code. 
o b t a i n  an a d j o i n t  response f o r  each c o n s t r a i n t  f u n c t i o n a l .  For a d j o i n t  
ana lys i s ,  one can use t h e  m u l t i l o a d i n g  ( r e s t a r t )  o p t i o n  o f  t h e  f i n i t e  
element code, so t h a t  o n l y  fo rward  and backward s u b s t i t u t i o n s  a r e  
performed t o  o b t a i n  each a d j o i n t  response. 
s t r u c t u r a l  responses, design s e n s i t i v i t y  i n f o r m a t i o n  i s  c a l c u l a t e d  f o r  
each c o n s t r a i n t  f u n c t i o n a l ,  by c a r r y i n g  ou t  o n l y  numerical i n t e g r a t i o n .  
Th is  procedure a l l ows  one t o  c a r r y  out c a l c u l a t i o n s  o u t s i d e  f i n i t e  element 
codes, u s i n g  pos tprocess ing  da ta  only. That i s ,  t h e  des ign  s e n s i t i v i t y  
so f tware  does not  have t o  be imbedded i n t o  f i n i t e  element codes. 
Moreover, t h e  method does no t  r e q u i r e  d i f f e r e n t i a t i o n  o f  s t i f f n e s s  and 
mass ma t r i ces  and t h e  u n c e r t a i n t y  o f  numerical  accuracy assoc ia ted  w i t h  
s e l e c t i o n  o f  a f i n i t e  d i f f e r e n c e  p e r t u r b a t i o n  can be e l im ina ted .  
The a d j o i n t  l o a d  i s  t hen  i n p u t  t o  t h e  f i n i t e  element code, t o  
Using t h e  o r i g i n a l  and a d j o i n t  
7. NUMERICAL EXAMPLES 
S u b s t a n t i a l  numerical  exper imenta t ion  has been c a r r i e d  out  
m a t e r i  a1 d e r i  v a t i  ve shape des i  gn sensi t i v i  t y  a n a l y s i  s f ormul a t  
u s i n g  
on, w 
t h e  
t h  
t h e  boundary method. Good r e s u l t s  have been repo r ted  [2,23] f o r  a v a r i e t y  
of  s i n g l e  s t r u c t u r a l  components. These s t u d i e s  have shown t h a t  g r e a t  c a r e  
must be taken i n  p r o j e c t i n g  s t r e s s  i n f o r m a t i o n  t o  t h e  boundary t o  achieve 
acceptab le  design s e n s i t i v i t y  accuracy. Higher o rde r  elements and 
e x t r a p o l a t i o n  from Gauss p o i n t s  have been shown t o  be e s s e n t i a l  i n  
ach iev ing  acceptable accuracy. S u b s t a n t i a l l y  i n a c c u r a t e  r e s u l t s  have been 
observed when low o rde r  elements are used and elementary boundary 
p r o j e c t i o n  appruaches a re  employed. 
i n d i c a t e d  c o n s i s t e n t l y  good r e s u l t s  f o r  s t r u c t u r a l  components, w i t h o u t  t h e  
requirement f o r  s o p h i s t i c a t e d  elements, c l e v e r  boundary p r o j e c t i o n  
methods, o r  d r a s t i c a l l y  r e f i n e d  gr ids.  
t w o  examples a re  discussed t o  permit  numerical comparison. 
Consider a p lane e l a s t i c  s o l i d  t h a t  i s  composed o f  two m a t e r i a l s  of 
s u b s t a n t i a l l y  d i f f e r e n t  modulus o f  e l a s t i c i t y  (E2/E1 = 7.65) and sub jec ted  
t o  s imple tens ion ,  as shown i n  Fig.  7.1. 
Numerical exper imenta t ion  w i t h  the  domain method [15,16,18,22] has 
I n  orde r  t o  be more q u a n t i t a t i v e ,  
The f i n i t e  element c o n f i g u r a t i o n ,  
40 N/cm 
E'z2.3 Gpa I E2= 17.6 Gpa 
.I= 0.3 u2 = 0.3 
R' a2 
F i g u r e  7.1 I n t e r f a c e  Problem 
dimensions, m a t e r i a l  p r o p e r t i e s  o f  each body, and l o a d i n g  c o n d i t i o n s  a r e  
shown i n  Fig. 7.1. 
0 boundary y,  and r and 3 a r e  t h e  clamped and loaded boundar ies,  
r e s p e c t i v e l y .  
face  boundary y,  w h i l e  t h e  o v e r a l l  dimensions o f  t h e  s t r u c t u r e  a r e  f i x e d .  
f u n c t i o n a l  assoc iated w i t h  i n t e r f a c e  boundary movement w i t h  t h e  domain 
method i s  obta ined by s imp ly  adding r e s u l t s  o f  Eq. 4.26 f o r  b o t h  segments 
o f  t h e  s t r u c t u r e .  
4.26 due t o  p l a t e  bending must be dropped. 
des ign s e n s i t i v i t y  computat ions are  c a r r i e d  ou t  i n  Ref. 10 (Eq. 42) t h a t  
i s  a n a l y t i c a l l y  e q u i v a l e n t  t o  t h e  r e s u l t  o f  t h e  domain method. 
approximate t h e  s t a t e  and a d j o i n t  equations o f  Eqs. 4.1 and 4.25, 
r e s p e c t i v e l y .  
Eq. 4.26 one must d e f i n e  a des ign v e l o c i t y  f i e l d  V t h a t  s a t i s f i e s  
r e g u l a r i t y  p r o p e r t i e s  de f ined i n  Refs.  2 and 9, i n  terms o f  v a r i a t i o n s  i n  
t h e  des ign v a r i a b l e  b.  
may d e f i n e  
Body i occupies domain Qi, i=1,2, AB i s  t h e  i n t e r f a c e  
The des ign v a r i a b l e  b c o n t r o l s  t h e  p o s i t i o n  o f  t h e  i n t e r -  
The express ion f o r  des ign  s e n s i t i v i t y  of t h e  von Mises y i e l d  s t r e s s  
For  t h e  p l a n e  s t ress  i n t e r f a c e  problem, terms i n  Eq. 
For  t h e  boundary method, 
For  numerical computat ion,  t h e  f i n i t e  element method i s  used t o  
I n  o r d e r  t o  compute t h e  des ign s e n s i t i v i t y  express ions of  
To have a cont inuous des ign v e l o c i t y  f i e l d ,  one 
20 - xl) 
0 J 
The f i n i t e  element model shown i n  Fig. 7.1 c o n t a i n s  32 elements, 121 
nodal p o i n t s ,  and 224 degrees-of-freedom. The 8-noded i s o p a r a m e t r i c  
element i s  employed f o r  des ign s e n s i t i v i t y  ana lys is .  For  t h e  boundary 
method, s t resses  and s t r a i n s  a re  obtained a t  Gauss p o i n t s  and e x t r a p o l a t e d  
t o  t h e  boundary t o  o b t a i n  accura te  r e s u l t s  on t h e  boundary [23]. D e f i n e  
q1 and $ as t h e  f u n c t i o n a l  va lues f o r  t h e  i n i t i a l  des ign b and m o d i f i e d  
des ign b + 6b, r e s p e c t i v e l y .  
d i f f e r e n c e  from s e n s i t i v i t y  analys is .  The r a t i o  $ ' / A $  t imes 100 i s  used 
as a measure o f  accuracy; i.e., 100% means t h a t  t h e  p r e d i c t e d  change i s  
e x a c t l y  t h e  same as t h e  a c t u a l  change. 
w i l l  n o t  g i v e  meaningful  i n f o r m a t i o n  when A$ i s  very  smal l  compared 
t o  Jl', because t h e  d i f f e r e n c e  A$ may l o s e  p r e c i s i o n  due t o  t h e  
2 
1 L e t  A$ = $2 - $ and l e t  $' be t h e  p r e d i c t e d  
N o t i c e  t h a t  t h i s  accuracy measure 
2 1  s u b t r a c t i o n  $ - JI . 
Numerical r e s u l t s  w i t h  a 3% design change; i.e., 6b = 0.03b, a r e  shown 
i n  Table 7.1 f o r  t h e  boundary method and i n  Table 7.2 f o r  t h e  domain 
method. Due t o  symmetry, s e n s i t i v i t y  r e s u l t s  f o r  o n l y  t h e  lower  h a l f  o f  
t h e  s t r u c t u r e  a r e  given. These r e s u l t s  i n d i c a t e  t h a t  t h e  domain method 
g ives  e x c e l l e n t  r e s u l t s ,  whereas accuracy o f  t h e  boundary method i s  n o t  
acceptable.  
accura te  than others.  However, t h e  magnitude o f  a c t u a l  d i f f e r e n c e s  A$ f o r  
those elements a r e  s m a l l e r  than others,  so AJI may l o s e  p r e c i s i o n .  
d e f i n e d  i n  t h e  domain and s a t i s f y  r e g u l a r i t y  p r o p e r t i e s .  
un ique way o f  d e f i n i n g  domain v e l o c i t y  f i e l d s  f o r  a g iven normal v e l o c i t y  
f i e l d  (VTn) on t h e  boundary. Also, numerical  e v a l u a t i o n  o f  t h e  
s e n s i t i v i t y  r e s u l t  o f  Eq. 4.26 i s  more compl icated than e v a l u a t i o n  o f  Eq. 
42 o f  Ref. 10, s i n c e  Eq. 4.26 requ i res  i n t e g r a t i o n  over  t h e  e n t i r e  domain, 
whereas E q .  42 o f  Ref. 10 r e q u i r e s  i n t e g r a t i o n  over  o n l y  t h e  v a r i a b l e  
boundary. This  problem can be a l l e v i a t e d  by i n t r o d u c i n g  a boundary l a y e r  
[16] o f  f i n i t e  elements t h a t  vary  dur ing  t h e  p e r t u r b a t i o n  o f  t h e  shape of  
For  elements 22 and 29, t h e  p r e d i c t e d  values are  l e s s  
A disadvantage o f  t h e  domain method i s  t h a t  a v e l o c i t y  f i e l d  must be 
There i s  no 

































































0 . 20403 
0.67218 
0.56684 
0 . 42080 
0.14159 
-0.08520 

























Tab le  7.2. Domain Method f o r  I n t e r f a c e  Problem 
E l .  

































































































a s t r u c t u r a l  component. Th is  approach i s  i l l u s t r a t e d  s c h e m a t i c a l l y  i n  
Fig.  7.2. The domain n i s  d i v i d e d  i n t o  subdomains R1 and n2, w i t h  i n n e r  
outer boundinq surface, r 
/ boundary, layer 
inner bounding surface,y inner core 
v 
F i g u r e  7.2 Boundary Layer 
core  Ql h e l d  f i x e d  and 
v e l o c i t y  f i e l d  need be 
o n l y  boundary l a y e r  Q2 modi f ied .  
d e f i n e d  o n l y  on i$. 
I n  t h i s  way, t h e  
The t h i c k n e s s  o f  t h e  boundary 
l a y e r  Q2 w i l l  depend on t r a d e - o f f s  between numerical  accuracy and 
numer ica l  e f f i c i e n c y .  
element model. 
I n  p r a c t i c e ,  Ql can be a s u b s t r u c t u r e  o f  t h e  f i n i t e  
To demonstrate f e a s i b i l i t y  o f  the boundary l a y e r  approach, two 
examples a r e  so lved by t h e  boundary l a y e r  approach. The f i r s t  example i s  
t h e  p lane s t r e s s  i n t e r f a c e  problem discussed i n  t h i s  sect ion.  For  a body 
of g i v e n  geometry t h e r e  i s  a l a r g e  number o f  p o s s i b l e  boundary- layers,  
some of which are  b e t t e r  than others,  from t h e  v i e w p o i n t  o f  accuracy and 
e f f i c i e n c y .  
boundary- layers i n  advance. They can be determined by ana lyz ing  t h e  
s t r u c t u r e  and measuring t h e  s t r a i n  energy d e n s i t y  [24]. 
7.1. The design v a r i a b l e  b' f o r  t h i s  case i s  d i s t a n c e  between node 51 and 
node 65 i n  Fig. 7.1. Consequently, reg ions  o u t s i d e  t h e  boundary- layer 
remain unchanged. Numerical r e s u l t s  w i t h  a 3% des ign  change a r e  shown i n  
Table 7.3 f o r  t h e  boundary- layer approach. Due t o  symmetry, t h e  shape 
des ign s e n s i t i v i t y  a n a l y s i s  r e s u l t s  o f  t h e  lower  h a l f  o f  t h e  s t r u c t u r e  a r e  
shown. Shape des ign s e n s i t i v i t y  ana lys is  r e s u l t s  ob ta ined w i t h  t h e  
boundary- layer approach a r e  e x c e l l e n t ,  as shown i n  Table 7.3. 
It i s  d i f f i c u l t  t o  est imate t h e  s i z e  and l o c a t i o n  o f  t h e  b e s t  
The boundary- layer i s  chosen t o  i n c l u d e  elements 13 t h r u  20 i n  Fig. 
Table 7.3. Boundary Layer Approach f o r  I n t e r f a c e  Problem 
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Next, t o  t e s t  Val i d i  t y  o f  t h e  boundary-1 ayer  approach, Young's modulus 
1 i s  changed t o  E1 = 0.2 MPa and E2 = 100 MPa f o r  n and Q2, r e s p e c t i v e l y .  
I n  o t h e r  words, t h e  r a t i o  between E' and E1 i s  r a i s e d  t o  500, f rom 7.65, 
t o  check a more severe c o n d i t i o n .  
Table 7.4. For  elements 9 
and 22, t h e  magnitude o f  a c t u a l  change a r e  smal l ,  so f i n i t e  d i f f e r e n c e s  
may n o t  be accurate. Numerical r e s u l t s  ob ta ined w i t h  t h e  boundary method 
2 1  g iven i n  Ref. 16, i n d i c a t e s  t h a t  worse r e s u l t s  a r i s e  i f  t h e  r a t i o  E /E  i s  
i ncreased. 
t h e  boundary approach may have cons iderab le  d i f f i c u l t y  i n  h a n d l i n g  
problems w i t h  s i n g u l a r  c h a r a c t e r i s t i c s .  Accuracy o f  t h e  boundary approach 
r a p i d l y  d e t e r i o r a t e s  i n  t h e  v i c i n i t y  o f  a s i n g u l a r i t y .  On t h e  o t h e r  hand, 
t h e  boundary- layer approach can g ive good s e n s i t i v i t y  r e s u l t s  th roughout  
t h e  domain. A l s o ,  i n  t h i s  i n t e r f a c e  problem, 56% of cpu t i m e  i s  saved by 
u s i n g  t h e  boundary-1 ayer  approach ins tead o f  t h e  domain approach, w i t h o u t  
s a c r i f i c i n g  accuracy of des ign  s e n s i t i v i t y .  
o f  t h e  boundary l a y e r  approach. 
Design s e n s i t i v i t y  r e s u l t s  a r e  g i v e n  i n  
Accuracy o f  des ign s e n s i t i v i t y  i s  e x c e l l e n t .  
R e s u l t s  f o r  t h e  p lane s t r e s s  i n t e r f a c e  problem c l e a r l y  i n d i c a t e  t h a t  
Next, t h e  c l a s s i c a l  f i l l e t  shown i n  Fig. 7.3 i s  used t o  s tudy accuracy 
The des ign  f o r  t h i s  problem i s  t h e  shape 
Table 7.4. Boundary Layer Approach f o r  I n t e r f a c e  Problem 
(E2/E1 = 500) 
E l  . 
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379.41355 



















































100 Ib /  in 
F i g u r e  7.3 F i l l e t  
o f  t h e  va ry ing  boundary rl between p o i n t s  A and B, w i t h o u t  moving these  
two p o i n t s .  
Due t o  symmetry, o n l y  t h e  upper h a l f  o f  a f i l l e t  i s  analyzed. 
o f  t h e  s t r u c t u r e  and a p p l i e d  loads  are  g iven i n  F ig .  7.3. 
0.293, respec t i ve l y .  
B -sp l i ne  rep resen ta t i on  i s  used f o r  t h e  v a r y i n g  boundary rl. 
Dimensions 
For  m a t e r i a l  
p roper t y ,  Young's modulus and Poisson 's  r a t i o  a re  3.0 x 10 7 p s i  and v = 
The segment r3 i s  t h e  c e n t e r - l i n e  o f  t h e  f i l l e t  
and r2 i s  t h e  u n i f o r m l y  loaded edge. 
averaged over  i n d i v i d u a l  f i n i t e  elements i s  employed t o  t e s t  accuracy o f  
t h e  boundary- layer approach. 
ob ta ined froin Eq. 4.26 w i t h  nonzero v e l o c i t y  f i e l d  on t h e  boundary l a y e r .  
a f t e r  ana lyz ing  t h e  s t r u c t u r e  and measuring t h e  s t r a i n  energy dens i ty .  
Fig. 7.5, a f i n i t e  element model w i t h  op t im ized boundary p r o f i l e  rl and 
319 elements and 1994 a c t i v e  degrees-of-freedom i s  shown. The element 
t y p e  used i s  an 8-node isoparamet r ic  element. 
S e n s i t i v i t y  o f  von Mises s t r e s s  
The expression f o r  des ign s e n s i t i v i t y  i s  
The boundary- layer (27% o f  t h e  t o t a l  area)  shown i n  F ig .  7.4 i s  chosen 
I n  
A 
- 
F i g u r e  7.4 Boundary-Layer o f  F i  11 e t  
A 
t i  i i i i i i i i i t i IX#TlSl:lIIII: l I 
F i g u r e  7.5 F i n i t e  Element Mesh o f  F i l l e t  
I n  Table 7.5, shape des ign  s e n s i t i v i t y  r e s u l t s  f o r  a f i l l e t  w i t h  
op t im ized boundary p r o f i l e  rl (see Fig. 7.5) a r e  given, ob ta ined w i th  0.1% 
des ign  p e r t u r b a t i o n .  
can y i e l d  excel  1 e n t  shape des ign s e n s i t i v i t y  r e s u l t s .  
From Table 7.5, i t  can be seen t h a t  t h i s  approach 
Table 7.5. Boundary Layer Approach f o r  F i l l e t  
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8. AUTOMATIC REGRIDDING FOR SHAPE DESIGN 
For numerical  implementat ion o f  shape des ign s e n s i t i v i t y  a n a l y s i s ,  one 
must parameter ize t h e  boundary r of t h e  domain 52. For  t h i s  purpose, one 
may use B e z i e r  curves o r  sur faces [25]. The nex t  s tep  i s  t o  develop a 
genera l  method o f  d e f i n i n g  and computing a v e l o c i t y  f i e l d  i n  t h e  domain, 
i n  terms o f  t h e  p e r t u r b a t i o n  o f  the boundary r. Moreover, t h e  v e l o c i t y  
f i e l d  must s a t i s f y  c e r t a i n  r e g u l a r i t y  cond i t ions .  
and 9 t h a t  C1-regular and C2-regular v e l o c i t y  f i e l d s  a r e  s u f f i c i e n t  f o r  
It i s  shown i n  Refs. 2 
shape des ign s e n s i t i v i t y  a n a l y s i s  o f  t r u s s  and e l a s t i c  s o l i d  problems and 
beam and p l a t e  problems, r e s p e c t i v e l y .  However, observ ing  Eqs. 5.1, 5.2, 
5.4, and 5.7 - 5.9, one may r e l a x  these r e g u l a r i t y  c o n d i t i o n s .  That i s ,  
f o r  t r u s s  and e l a s t i c  s o l i d  problems, t h e  h i g h e s t  o r d e r  d e r i v a t i v e  of t h e  
v e l o c i t y  f i e l d  t h a t  appears i n  Eqs. 5.1, 5.2, 5.4, and 5.7 - 5.9 i s  one. 
Thus, one may use a Co-regular  v e l o c i t y  f i e l d  w i t h  an i n t e g r a b l e  f i r s t  
d e r i v a t i v e .  
i n t e y r a b l  e second d e r i v a t i v e  f o r  beam and p l  a t e  p r o b l  ems. Therefore, 
r e g u l a r i t y  o f  t h e  v e l o c i t y  f i e l d  m u s t  be a t  l e a s t  a t  t h e  l e v e l  of 
r e g u l a r i t y  o f  t h e  displacement f i e l d  o f  t h e  s t r u c t u r a l  component 
considered. Th is  suggests use o f  displacement shape f u n c t i o n s  t o  
s y s t e m a t i c a l l y  d e f i n e  t h e  v e l o c i t y  f i e l d  i n  t h e  domain. Moreover, one 
can s e l e c t  a v e l o c i t y  f i e l d  t h a t  obeys t h e  govern ing equat ion  o f  t h e  
s t r u c t u r e .  That i s ,  t h e  p e r t u r b a t i o n  o f  t h e  boundary can be considered as 
a displacement a t  t h e  boundary. With no a d d i t i o n a l  e x t e r n a l  f o r c e s  and a 
g i v e n  displacement a t  t h e  boundary, one can use t h e  f i n i t e  element code t o  
f i n d  t h e  displacement (domain v e l o c i t y )  f i e l d  t h a t  s a t i s f i e s  t h e  r e q u i r e d  
r e g u l a r i t y  c o n d i t i o n s .  Thus 
S i m i l a r l y ,  one may use a C1-regular v e l o c i t y  f i e l d  w i t h  an 
where [K]  i s  t h e  reduced s t i f f n e s s ' m a t r i x ,  { V }  i s  t h e  v e l o c i t y  v e c t o r  o f  
t h e  nodes o f  v a r y i n g  domain, and { f }  i s  t h e  unknown f i c t i c i o u s  boundary 
f o r c e  t h a t  produces a p e r t u r b a t i o n  of t h e  boundary. I n  segmented form, 
Eq. 8.1 becomes 
where { V b }  i s  t h e  g iven p e r t u r b a t i o n  o f  nodes on t h e  boundary, { V d }  i s  t h e  
node v e l o c i t y  v e c t o r  i n  t h e  i n t e r i o r  o f  t h e  domain and { f b }  i s  t h e  
f i c t i c i o u s  boundary f o r c e  a c t i n g  on t h e  v a r y i n g  boundary. 
t h e  unknown i n t e r i o r  node v e l o c i t y  v e c t o r  can be ob ta ined from Eq. 8.2 as 
Equat ion f o r  
If Bezier  curves o r  surfaces [171 a r e  used f o r  boundary representa-  
t i o n ,  p o s i t i o n s  of c o n t r o l  p o i n t s  are s e l e c t e d  as des ign parameter b i ,  i = 
1,2 ,..., k. 
i n t e r i o r  node v e l c i t y  v e c t o r  { V d }  should be expressed i n  terms o f  
v a r i a t i o n s  o f  des ign parameter 6bi, i = 1,2,...,k. 
express ion,  boundary p e r t u r b a t i o n  {Vb} should be w r i t t e n  i n  terms o f  
v a r i a t i o n  6b o f  t h e  des ign parameter. Once t h e  i n v e r s e  m a t r i x  [Kdd]-' i s  
obta ined,  Eq. 8.3 can be used t o  express { V d }  i n  terms o f  t h e  v a r i a t i o n  
6b o f  des ign parameter. However, t h i s  r e q u i r e s  l a r g e  computat ional  
e f f o r t .  
f i r s t  by p e r t u b i n g  a des ign parameter bi a u n i t  magnitude, boundary 
p e r t u r b a t i o n  { v b }  can be obtained. Then Eq. 8.3 can be so lved t o  
o b t a i n  {vd} .  
4.22, o r  4.26 can be eva lua ted  which g i v e s  ab. . This  method r e q u i r e s  t o  
s o l v e  Eq. 8.3 k t imes. However, much as i n  tRe a d j o i n t  a n a l y s i s ,  t h i s  i s  
an e f f i c i e n t  c a l c u l a t i o n ,  i f  Eq. 8.3 has a l ready  been solved, r e q u i r i n g  
o n l y  e v a l u a t i o n  o f  t h e  s o l u t i o n  o f  t h e  same s e t  o f  f i n i t e  element 
equat ions w i t h  d i f f e r e n t  r i g h t  s i d e  f o r  each u n i t  p e r t u r b a t i o n  of  b i ,  i = 
l,Z,...,k. Once des ign change has been determined u s i n g  i t e r a t i v e  des ign 
process, r e g r i d d i n g  o f  i n t e r i o r  g r i d  p o i n t s  can be c a r r i e d  ou t  u s i n g  { v d }  
o f  Eq. 8.3. 
boundary- layer  approach very  e f f e c t i v e l y .  
Ql, vd can be s e t  equal t o  zero and thus  reduce t h e  dimension o f  [Kdd]  i n  
Eq. 8.3. 
To demonstrate f e a s i b i l i t y  o f  the method, an engine bear ing  cap shown 
i n  F ig .  8.1 i s  t rea ted .  
d imensional  e l a s t i c  s o l i d .  Due t o  symmetry, o n l y  t h e  r i g h t  h a l f  o f  t h e  
cap i s  analyzed. 
a r e  shown i n  F ig .  8.1. The mater ia l  used i s  s t e e l  w i t h  Young's modulus 
7 and Poisson 's  r a t i o  o f  E = 1.0 x 10 p s i  and v = 0.3, r e s p e c t i v e l y .  
f i n i t e  element model shown i n  Fig.  8.1 c o n t a i n s  82 elements, 768 nodal  
p o i n t s ,  and 2111 degrees-of-freedom. 
STIF95 [26], which i s  a 20-noded isoparamet r ic  element, i s  used. 
s u r f a c e  I' 
o f  edge from cap c e n t e r l i n e  (F ig .  8.2). 
To use Eqs. 4.15, 4.22, and 4.26 f o r  s e n s i t i v i t y  computat ion,  
To o b t a i n  t h i s  
To ga in  computat ional  e f f i c i e n c y ,  f o l l o w i n g  method i s  used: 
Using { V d }  and displacement shape f u n c t i o n s ,  Eqs. 4.15, 
The automat ic  r e g r i d d i n g  method presented here  can be used w i t h  t h e  
That i s ,  f o r  t h e  f i x e d  domain 
The engine b e a r i n g  cap i s  modeled as a t h r e e  
The f i n i t e  element c o n f i g u r a t i o n  and l o a d i n g  c o n d i t i o n s  
The 
For ana lys is ,  ANSYS f i n i t e  element 
The des ign v a r i a b l e s  f o r  t h i s  problem are  t h e  shape o f  t h e  v a r y i n g  
d i s t a n c e  C 5  o f  clamping b o l t  c e n t e r  l i n e  AB, and d i s t a n c e  c6 1' 
For  sur face  rl, a B e z i e r  sur face 
CLAMPING BOLT FORCE = 14,775 Ib. 
OIL FILM PRESSURE = 5000 psi 
F i g u r e  8.1 Engine Bear ing Cap 
L 
r; I 
XI I I 
I c6 
F i g u r e  8.2 Shape Design Parameters o f  Engine Bear ing Cap 
w i t h  4 x 4 c o n t r o l  p o i n t s  i s  used. For  s i m p l i c i t y ,  o n l y  x2-coord inates o f  
f o u r  c o n t r o l  p o i n t s  C1 t h r u  C 4  a r e  a l lowed t o  be vary ing.  
sur face r l  has c u r v a t u r e  i n  t h e  x l -d i rec t ion  only .  
over  i n d i v i d u a l  f i n i t e  element i s  obtained from Eq. 4.22. Numerical 
That i s ,  
The express ion f o r  des ign s e n s i t i v i t y  o f  von Mises s t r e s s  averaged 
computat ion of  des ign s e n s i t i v i t y  i n f o r m a t i o n  has been c a r r i e d  o u t  u s i n g  
ANSYS f i n i t e  element code C261 and t h e  computat ional  procedure o f  Sec t ion  
6. 
ANSYS f i n i t e  element code. 
randomly se lec ted  f i n i t e  elements. Accuracy o f  des ign s e n s i t i v i t y  i s  
e x c e l l e n t  except f o r  elements 5, 22, 36, 56, and 57 where t h e  magnitudes 
o f  a c t u a l  change a r e  smal l .  
For  computat ion o f  domain v e l o c i t y  vec tor ,  Eq. 8.2 i s  so lved u s i n g  
Numerical r e s u l t s  w i t h  a 1% design change are  shown i n  Table 8.1 f o r  
Table 8.1. Shape S e n s i t i v i t y  o f  Engine Bear ing Cap 
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357 8 . 9 546 
3725.9600 
6585.9308 
































































9. DESIGN COMPONENT METHOD FOR BUILT-UP STRUCTURES 
I n  t h i s  sec t ion ,  des ign s e n s i t i v i t y  a n a l y s i s  method f o r  b u i l t - u p  
F o r  
s t r u c t u r e s  i s  presented. Both shape and convent ional  ( s i z i n g )  des ign  
v a r i a b l e s  f o r  components o f  b u i l t - u p  s t r u c t u r e s  a r e  considered. 
convent iona l  des ign s e n s i t i v i t y  analys is ,  d i s t r i b u t e d  parameter s t r u c t u r a l  
des ign  s e n s i t i v i t y  a n a l y s i s  t h e o r y  o f  Ref. 2 i s  used. 
Consider  a b u i l t - u p  s t r u c t u r e  t h a t  i s  made up of m > 1 s t r u c t u r a l  
components t h a t  a r e  in te rconnected  by k inemat ic  c o n s t r a i n t s  a t  t h e i r  
i n t e r f a c e s .  
[2], one can o b t a i n  t h e  v a r i a t i o n a l  f o r m u l a t i o n  o f  t h e  govern ing 
equat ions,  
Using t h e  p r i n c i p l e  o f  v i r t u a l  work f o r  b u i l t - u p  s t r u c t u r e s  




and Z i s  t h e  space of  k i n e m a t i c a l l y  admiss ib le  displacements [2], which i s  
d e f i n e d  as t h e  s e t  of  d isplacement f i e l d s  t h a t  s a t i s f y  homogeneous 
boundary c o n d i t i o n s  and k inemat ic  i n t e r f a c e  c o n d i t i o n s  between components. 
(z,a and R I n  Eqs. 9.2 and 9.3, a 
u ,Q u ,Q 
l o a d  l i n e a r  forms o f  component i w i t h  domain Q'. 
9.3, t h e  energy b i l i n e a r  and l o a d  l i n e a r  forms o f  Eq. 9.1 a r e  s imp ly  
summations o f  corresponding terms from each component. 
seen l a t e r ,  t h e  des ign  s e n s i t i v i t y  a n a l y s i s  o f  t h e  b u i l t - u p  s t r u c t u r e  i s  a 
s imp le  a d d i t i v e  process. 
f u n c t i o n a l  i s  d e r i v e d  f o r  general  b u i l t - u p  s t r u c t u r e s .  Once t h i s  i s  done, 
e x t e n t i o n  t o  l o c a l l y  averaged s t ress  f u n c t i o n a l  can be c a r r i e d  ou t  e a s i l y .  
D e f i n e  as t h e  t o t a l  v a r i a t i o n  o f  z, due t o  bo th  convent iona l  and 
shape des ign  changes [2], 
(I) a r e  energy b i l i n e a r  and i 
Note from Eqs. 9.2 and 
Thus, as w i l l  be 
I n  t h i s  sec t ion ,  des ign s e n s i t i v i t y  i n f o r m a t i o n  f o r  d isp lacement  
The f i r s t  v a r i a t i o n  o f  Eq. 9.1 i s  [Z] 
T where f = [i', i2 ,  6, ;] 
t h r e e  dimensional  e l a s t i c  s o l i d ,  and = [ is v 1 f o r  p l a t e / p l a n e  
e l a s t i c  s o l i d  component. 
d i s p l a y  which v a r i a b l e s  a r e  h e l d  f i x e d  and which vary. 
nodal p o i n t  E Qr 
f o r  beam/truss component, i = [i', ;*, i3IT f o r ,  
The n o t a t i o n  o f  Eq. 9.5 i s  chosen t o  c l e a r l y  
0 2  T 
Consider a displacement f u n c t i o n a l  t h a t  d e f i n e s  t h e  d isp lacement  z a t  
- A  




where S(x )  i s  t h e  D i r a c  d e l t a  measure a t  t h e  o r i g i n .  Taking t h e  f i r s t  
v a r i a t i o n  o f  Eq. 9.6, one o b t a i n s  [Z] 
A -  
$'  = J/  S ( X - X ) ~ ( X )  dQ 
Qr C9.71 
Define a variational adjoint equation by replacing 
right of Eq. 9.7 by a virtual displacement 
energy bilinear form evaluated a t  the adjoint variable A ;  i.e., 
in the term on the 
and equate the result t o  the 
C I A  
a (A,x) = I/ S ( x - x ) ~ ( x )  dll, for all  TE Z C9.81 
Denote the solution of Eq .  9.8 as A. Since sa t i s f ies  kinematic boundary 
and interface conditions [2], Eq. 9.8 can be evaluated a t  
9.5 can be evaluated a t  7 = A ,  t o  obtain 
U ,Q 
nr 
= and Eq .  
where the f i r s t  term on the right is due t o  conventional design variation 
and the second term i s  due t o  shape design variation. 
i s  valid for general built-up structures t h a t  are composed of m > 1 
structural components. 
right of Eq. 9.9, results of Eqs. 5.1, 5.2, 5.4, and 5.7 - 5.9 can be 
used. 
i s  referred t o  Refs. 2 and 18. 
sensit ivity expressions for built-up structures, using the design 
component method. Moreover, one can develop a modular computer program 
t h a t  will carry out  numerical integration of terms in Eqs. 5.1, 5.2, 5.4, 
and 5.7 - 5.9, using the same shape functions t h a t  are employed by the 
f in i te  element analysis of the original structure. The result will then 
be a general algorithm and numerical method for design sensit ivity 
analysis t h a t  can be implemented w i t h  existing f in i t e  element codes as 
shown i n  Section 6. 
plate built-up structure i s  treated in this  section. 
beam-plate built-up structure shown in Fig. 9.1. A distributed vertical 
l o a d  f ( x )  i s  applied t o  the plates. The points supported by the trusses 
are a t  the intersections of two crossing beams nearest t o  the free edges 
of the structure. 
components. 
Note t h a t  Eq.  9.9 
For explicit expressions of the second term on the 
For the f i r s t  term on the right of Eq. 9.9, the interested reader 
As seen in this  derivation, one can systematically organize design 
To demonstrate accuracy of the design component method, a truss-beam- 
Consider the truss- 
No external loads are applied t o  the truss and beam 
The plates and beams are assumed t o  be welded together. 
Coord inates of i n t e r s e c t i o n  p o i n t s  o f  beams and p l a t e s  are  supposed t o  be 
i n  t h e  mid-planes of t h e  p l a t e s  and n e u t r a l  axes of t h e  beams. 











(b)  Side View 
m 
F i g u r e  9.1 Truss-Beam-Plate B u i l t - u p  S t r u c t u r e  
1 
The design v a r i a b l e s  f o r  t h i s  b u i l t - u p  s t r u c t u r e  a re  t h i c k n e s s  t i j ( x )  
o f  each p l a t e  component, w i d t h  i i J ( x  ) and h e i g h t  @j(xl)  o f  each 
l o n g i t u d i n a l  beam compoenent, w i d t h  d (x,) and h e i g h t  biJ(x2) o f  each 
t r a n s v e r s e  beam component, cross-sect ional  areas hk (k=1,16) o f  t h e  f o u r  
4-bar t r u s s  components, and p o s i t i o n s  ai ( i=1,4) and 8 .  ( j=1,4) o f  
t r a n s v e r s e  and l o n g i t u d i n a l  beam components, r e s p e c t i v e l y .  The l e n g t h s  o f  
t h e  t r u s s e s  a r e  f i x e d ,  b u t  they  may change t h e i r  ground p o s i t i o n s ,  and t h e  
o u t s i d e  boundary o f  t h e  e n t i r e  s t r u c t u r e  i s  f i x e d ;  i.e., o n l y  t h e  
l o c a t i o n s  ai and 8 Dimensions o f  
t h e  s t r u c t u r e  and t h e  numbering and spacing o f  beams i n  bo th  d i r e c t i o n s  
a r e  shown i n  Fig.  9.1. 
c a l c u l a t i o n s  a r e  c a r r i e d  ou t  seperately.  For  p l a t e  components, 12 degree- 
o f - f reedom non-conforming rec tangu lar  elements [27] a r e  used. F o r  beam 
components, Hermi te  c u b i c  shape f u n c t i o n s  a r e  used. The f i n i t e  element 
model used f o r  des ign s e n s i t i v i t y  ana lys is  i s  shown i n  Fig. 9.2. Only one 
q u a r t e r  o f  t h e  e n t i r e  s t r u c t u r e  i s  analyzed, due t o  symmetry. A t o t a l  o f  
484 elements, w i t h  1281 degrees-of-freedom, a r e  used t o  model t h e  b u i l t - u p  
s t r u c t u r e ,  i n c l u d i n g  400 r e c t a n g u l a r  p l a t e  elements, 80 beam elements and 
4 t r u s s  elements. 
'i j 
J 
i,j=1,4, o f  beams a r e  shape v a r i a b l e s .  
j '  
F o r  numerical  c a l c u l a t i o n s ,  convent ional  and shape des ign s e n s i t i v i t y  
F o r  numerical  data,  Young's modulus and Poisson 's  r a t i o  a r e  3 . 0 ~ 1 0 ~  
p s i  and 0.3, r e s p e c t i v e l y .  
15 i n .  A t  t h e  nominal design, beam components a r e  l o c a t e d  3 i n .  apar t .  
Other dimensions o f  t h e  b u i l t - u p  s t r u c t u r e  a t  t h e  nominal des ign are; 
u n i f o r m  t h i c k n e s s  t = 0.1 i n .  f o r  p l a t e  components, u n i f o r m  h e i g h t  h = 0.5 
i n .  and w i d t h  d = 0.15 i n .  f o r  beam components, and l e n g t h  L = 5.364 i n .  
and c r o s s - s e c t i o n a l  area h = 0.1 in.' f o r  t r u s s  components. A u n i f o r m  
d i s t r i b u t e d  l o a d  f = 0.1 lb / in . '  i s  a p p l i e d  on t h e  p l a t e  components. 
I n  Table 9.1, des ign s e n s i t i v i t y  accuracy r e s u l t s  a re  g iven f o r  
severa l  f u n c t i o n a l s ,  w i t h  1% uni fo rm change i n  a l l  convent iona l  des ign  
v a r i a b l e s  except t h e  c ross-sec t iona l  areas o f  t r u s s  components. Design 
s e n s i t i v i t y  r e s u l t s  f o r  displacements, bending s t resses  
extreme f i b e r  o f  l o n g i t u d i n a l  and t ransverse beam components, and von 
Mises y i e l d  s t r e s s  
The o v e r a l l  dimensions a r e  L 1  x L2 = 15 i n .  x 
and uz2 a t  t h e  
C9.101 
e 
F i g u r e  9.2 F i n i t e  Element Model o f  A Truss-Beam-Plate 
B u i l t - u p  S t r u c t u r e  
a t  t h e  extreme f i b e r  of p l a t e  components a re  g iven i n  Table 9.1. R e s u l t s  
g iven  i n  Table 9.1 show good agreement between p r e d i c t i o n s  6' and f i n i t e  
d i f f e r e n c e s  AJI except f o r  von Mises y i e l d  s t resses  on p l a t e  elements 177, 
358, 380 and 400 which a r e  acceptable b u t  n o t  good. 
these elements have low von Mises y i e l d  s t r e s s  and AJI i s  smal l ,  compared 
t o  o thers ,  and may n o t  be accurate.  
s t r u c t u r e  i s  symmetric w i t h  respect  t o  t h e  c e n t e r  C, t h e  l o c a t i o n s  
ai and 1.3 
t h e  c e n t e r  C, a r e  taken as des ign var iab les.  
However, n o t e  t h a t  
For  shape des ign s e n s i t i v i t y  c a l c u l a t i o n s ,  s i n c e  t h e  b u i l t - u p  
i,,j=l,?, o f  t r a n s v e r s e  and l o n g i t u d i n a l  beams, measured froin 
js 
Table 9.1. Conventional Design S e n s i t i v i t y  
of Truss-Beam-Plate B u i l  t-Up S t r u c t u r e  
(a )  Displacement 
Node 





















-2.8723E-04 1.0315E-05 9.5761E-06 
-2.4993E-04 8.9703E-06 8.3204E-06 
-2.2048E-04 7.8934E-06 7.3284E-06 
-4.1320E-04 1.5781E-05 1.6171E-05 
-3.8949E-04 1.4788E-05 1.5042E-05 
-3.6186E-04 1.36496-05 1.3747E-05 
-1.1601E-04 4.2443E-06 4.1932E-06 
1.3799E-05 -6.1962E-07 -6.1013E-07 
1.4824E-04 -5.6883E-06 -5.3932E-06 











( b )  Bending Stress on Beam Element 
E l .  






















124 . 347 
355,610 
297.648 
103 . 409 
23.801 































107 . 1 
98.0 
102.1 
( c )  von Mises Stress on P l a t e  Element 
E l .  
No. JIl 
~~ 
1 49.128 ~ 47.808 -1.320 -1.560 118.2 
5 34.279 33.323 -0.956 -1.059 110.8 
9 62.143 60.507 -1.636 -1.695 103.6 
13 77.076 75.067 -2 -009 -1.982 98.6 
17 92.755 90.404 -2.351 -2.157 91.7 
22  44.262 43.040 -1.222 -1.459 119.4 






































































































46 . 506 
66.083 



















































































































































100 . 8 
99.3 













As mentioned i n  Sec t i on  8, f o r  shape des ign  s e n s i t i v i t y  c a l c u l a t i o n s ,  
one must d e f i n e  a v e l o c i t y  f i e l d  t h a t  has C1- regu la r i t y  w i t h  i t s  second 
d e r i v a t i v e  i n t e g r a b l e .  
t ransve rse  d i r e c t i o n s  only.  
a f u n c t i o n  o f  x2 only .  
The beam components a re  a l lowed t o  move i n  
The v e l o c i t y  f i e l d  i n  each p l a t e  component i s  
Hence, V1 i s  a f u n c t i o n  o f  x1 o n l y  and V 2  i s  
represented by Hermite c u b i c  funct ions i n  each d i r e c t i o n .  That i s ,  V1(xl) 
and V2(x2) a re  represented by Hermite c u b i c  func t ions .  
v e l o c i t y  f i e l d  r e p r e s e n t a t i o n  g r a p h i c a l l y ,  cons ider  Fig. 9.3, i n  which t h e  
shape f u n c t i o n s  f o r  V1(xl) a r e  p l o t t e d .  
p e r t u r b a t i o n s  of l o c a t i o n s  of  t ransverse  beams. 
o b t a i n s  V (x,) = 4 (x,) + 4 (x,). 
To see t h e  
I n  F ig .  9.3, 6al and 6a2 denote 
From Fig. 9.3, one 
1 1 2 That i s ,  
2 ) + 6al ,  al < x < a 
and a s i m i l a r  express ion  f o r  V2(x2). 
_. 
0 Q I  Q 2  
2 
C9.111 
F i g u r e  9.3 Shape Funct ions For The V e l o c i t y  V1(xl) 
I n  Table 9.2, des ign s e n s i t i v i t y  accuracy r e s u l t s  a r e  g iven f o r  
severa l  f u n c t i o n a l s ,  w i t h  a 0.25% un i fo rm change i n  shape des ign 
parameters. S e n s i t i v i t y  r e s u l t s  f o r  d isplacements,  bending s t r e s s  f o r  
beam components, and von Mises y i e l d  s t r e s s  f o r  p l a t e  components, a r e  
g iven i n  Table 9.2. 
between p r e d i c t i o n s  e' and t h e  f i n i t e  d i f f e r e n c e s  A$. 
Resu l ts  g iven  i n  Table 9.2 show e x c e l l e n t  agreement 
Table 9.2. Shape Design Sensit ivity o f  
Truss-Beam-Plate B u i  1 t-Up Structure 
( a )  D i  spl acement 
Node 
No. 6' 6' 




























































100 . 4 
100.2 
100.4 






























































( c )  von Mises Stress on Plate Element 
E l .  
No. $' 
100.1 1 49.128 50.043 0.915 0.915 
5 31.279 34.881 0.602 0.600 99.6 
9 62.143 63.067 0.925 0.924 99.9 
13 77.076 77.949 0.873 0.871 99.8 
17  92.755 93.843 1.088 1.090 100.2 
22 44.262 45.153 0.891 0.891 100.0 

























































































































































































































































109 . 9 
93.0 














10. AN O P T I M I Z A T I O N  PROBLEM 
To demonstrate a p p l i c a t i o n  o f  the des ign s e n s i t i v i t y  a n a l y s i s  method 
f o r  b u i l t - u p  s t r u c t u r e s  i n  s t r u c t u r a l  des ign o p t i m i z a t i o n ,  t h e  truss-beam- 
* 
p l a t e  b u i l t - u p  s t r u c t u r e  of  Sec t ion  9 i s  op t im ized  u s i n g  a sparse m a t r i x  
symbol ic f a c t o r i z a t i o n  techn ique  f o r  i t e r a t i v e  s t r u c t u r a l  o p t i m i z a t i o n  
[28] and Pshenichny's l i n e a r i z a t i o n  method [29]. 
For  numerical  des ign  s e n s i t i v i t y  a n a l y s i s  and o p t i m i z a t i o n ,  des ign  
v a r i a b l e s  a re  d i s c r e t i z e d .  
t h i c k n e s s  and each beam element has cons tan t  w i d t h  and he igh t .  
b u i l t - u p  s t r u c t u r e  i s  symmetric w i t h  respec t  t o  t h e  cen te r  C, t h i c k n e s s  
ti, i = 1,210, w i d t h  di and h e i g h t  bi, i = 1, 40, and t h e  l o c a t i o n s  ai, i 
= 1, 2 o f  t ransve rse  and l o n g i t u d i n a l  beams, measured from t h e  c e n t e r  C, 
a r e  taken as des ign  parameters. 
parameters i s  292. 
The opt imal  des ign  problem o f  the b u i l t - u p  s t r u c t u r e  i s  t o  m in im ize  
we igh t  o f  t h e  s t r u c t u r e ,  s u b j e c t  t o  t h e  f o l l o w i n g  c o n s t r a i n t s :  
Displacement a t  C; 
P l a t e  element von Mises s t r e s s ;  q < 17500 p s i ,  i = 2,211 
Beam element bending s t ress ;  
P l a t e  th ickness ;  
Beam width;  0.075 in.  < di < 0.30 in., i = 1, 40 
Beam he igh t ;  0.25 in.  < bi < t.00 in. ,  i = 1, 40 
1 Beam p o s i t i o n ;  0 < a < a < - 1 2 2  
Thus, t h e  t o t a l  number o f  i n e q u a l i t y  c o n s t r a i n t s  i s  543. 
Same numerical  da ta  as i n  Sect ion 9 i s  used except we igh t  d e n s i t y  i s  
0.1 l b / i r ~ . ~  and u n i f o r m l y  d i s t r i b u t e d  l oad  f = 17.5 lb/ in. '  i s  a p p l i e d  t o  
t h e  p l a t e  components. 
Fo r  numerical  computat ion o f  the shape des ign  s e n s i t i v i t y  i n f o r m a t i o n ,  
d e r i v a t i v e s  I,, Jx, and h, i n  Eq. 5.1 f o r  beam component and V t  i n  Eq. 5.8 
f o r  p l a t e  component must be computed. 
cons tan t  t h i ckness  and each beam element has cons tan t  w i d t h  and h e i g h t ,  
these d e r i v a t i v e s  are D i r a c  d e l t a  measures and computations o f  t h e  shape 
des ign  s e n s i t i v i t y  i n f o r m a t i o n  become compl icated. 
phases. I n  Phase I, each p l a t e  and beam components ( n o t  element) have 
cons tan t  t h i ckness  and cons tan t  w id th  and he igh t ,  r e s p e c t i v e l y .  Hence i n  
Phase I, t h e  design parameter s e t  i nc ludes  6 p l a t e  th icknesses ,  6 beam 
h e i g h t s  and w id ths ,  and 2 beam l o c a t i o n s  w i t h  t o t a l  o f  20 des ign  
parameters. 
component, design v a r i a b l e  l i n k i n g  i s  used i n  Phase I. 
That i s ,  each p l a t e  element has cons tan t  
Since t h e  
Thus, t h e  t o t a l  number o f  des ign  
q1 = z(C) < 0.105 i n .  
-70000 p s i  < qi < 70000 p s i ,  i = 212,251 
0.05 i n .  < ti < 0.25 in., i = 1,210 
Since each p l a t e  element has 
To avo id  t h i s  d i f f i c u l t y ,  t h e  design process i s  d i v i d e d  i n t o  two 
To ass ign  t h e  same design parameter t o  elements i n  a 
Once an optimum 
p o i n t  i s  reached i n  Phase I, t h e  design process i s  swi tched t o  Phase I 1  
where shape des ign parameters a re  f i x e d  and each p l a t e  and beam elements 
a r e  a l lowed t o  have d i f f e r e n t  design parameters. Hence t h e  t o t a l  number 
o f  design parameter i s  290 i n  Phase 11. 
f o r  des ign  Phases I and 11, respec t i ve l y .  The i n i t i a l  and f i n a l  designs 
o f  Phase I i s  g iven i n  Table 10.1. The i n i t i a l  c o s t  i s  0.7875 l b  and t h e  
f i n a l  cos t  o f  Phase I i s  0.5894 l b .  There a re  12 des ign  i t e r a t i o n s  i n  
Fo r  numerical  computat ion,  PRIME-750 and Cray-1S computers a re  used 
Table 10.1. I n i t i a l  and F i n a l  Designs o f  Phase I 
Design I n i t i a l  F i n a l  
Parameter Design Design 
~ 
tl 0.0874 
P1 a t e  t2 0.0500 
Component t3 0.1 0.0518 




Beam b2 0.6902 
Component b3 0.5 0.4990 
Height  b4 0.3974 
b5 0.4266 
b6 0.4326 
d l  0.1087 
Beam d2 0.2214 
Component d3 0.15 0.2499 
Width d4 0.0754 
d5 0.0838 
d6 0.1286 
Beam O 1  1.50 1.4221 
4.50 4.5872 P o s i t i o n  
O2 
Phase I w i t h  average CPU t i m e  15986 seconds p e r  i t e r a t i o n  on a PRIME-750 
computer. 
inward (al = 1.4211 in.)  and o u t e r  beam s t i f f n e r s  move outward (a2 = 
4.5872 in.) .  
f i n a l  des ign o f  Phase I i s  31. 
s e n s i t i v i t y  i n f o r m a t i o n  f o r  3 1  c o n s t r a i n t s  ou t  o f  251. 
seconds p e r  i t e r a t i o n  on a Cray-1S computer. 
Phases I and I 1  i s  shown i n  Fig.  10.1. 
0.5388 l b .  
f i n a l  des ign o f  Phase I 1  i s  54. 
des ign  i s  shown i n  Fig. 10.2 
I t  i s  observed i n  des ign  Phase I t h a t  i n n e r  beam s t i f f n e r s  move 
Number o f  a c t i v e  s t r e s s  and displacement c o n s t r a i n t s  a t  t h e  
Thus, i t  i s  necessary t o  c a l c u l a t e  
There a r e  9 des ign  i t e r a t i o n s  i n  Phase I1 with average CPU t i m e  25.84 
Cost f u n c t i o n  h i s t o r y  of  
The f i n a l  c o s t  o f  Phase I 1  i s  
A p r o f i l e  of upper h a l f  o f  t h e  f i n a l  
Number o f  a c t i v e  s t r e s s  and displacement c o n s t r a i n t s  a t  t h e  
0.50 1 I 
I 5 9 13 17 21 
Iteration Number 
F i g u r e  10.1 Cost Func t ion  H i s t o r y  
Figure  10.2 A Profile of  t h e  Final Design 
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